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Coordinate

Formulae:

1. Inthe three-dimensional space equations of X-axisisy =0,z =0.
Y-axisisx=0,z=0.
Z-axisisx=0,y=0.

2. In the three-dimensional space equations of YZ —Plane isx=0
XZ —Plane isy =0,
XY —Planeisz=0
3.Any point in three-dimensional space contains X, Yy, z coordinates.
Z-axis

x=0,y=0

Y-axis




4.LetA=(xy y1, 21) B=(xy y, z,)areany two points then the distance

between A and B is

AB=vV(x2—x1)2+ (y2 — y1)2 + (22 — z1)?

5.Let P = (X, y, z) then OP = vx2 4+ y24 z2 where P = (0, 0, 0)
6. Let A=(x1 y1 2z1) B=(xy y, z,) are any two points then the midpoint
of A, Bis

—_( X1t Xx2 y1t+Yy2 zi1t+2z2
P=( 2’ 2 7 2 )

v

l i l

A=(x1, y1,21) P B=(x2 ¥222)
7.A-point P when it divides A = (x1, y1, z1) B=(x,, ¥, z, ) inthe ratio

m: n internally is

P = ( mx2+nx1 myz+ny1 mzz+ nzj )

m+n ’ m+n " m4n
and the external point
P = mx;—nx1 mMyz— nyi1 mzz— nzi
= ( : : )
m —n m—n m—n

8.The centroid the Triangle ABC where A= (x1, y1,2z1) B=(x3 ¥, 2z,)and

C=(x3 y3 z3)Is
— /X1t x2+x3 Yy1+y2+y3 zi+z2+ z3
G=( 3 ’ 3 ’ 3 )
9. The centroid the Tetrahedron ABCD where

A=(x1, y1,21) B=(x2 ¥2,22)C=(x3 y3 23)D=(x4, Y4 24)1is

G _ ( X1+ x2+ x3+x4, y1+y2+y3+ys,
4 )

Z1+ Z2+ Z3+ 24,
+ ) )
4 4



P(x, Y, z)

X

10.Direction cosines and Direction ratios:

Let A=(x1 y1 z1) B=(x2 Yy z,)areany two points then the
direction ratios of the line ABare x, —x1,y2 —y1, 22 — 71.

11.A line making angles «, 5,y with the coordinate axes X, Y and Z then the
Cosine angles of a, 8,y that is cos «a, cos 8, cos y called Direction cosines of
the line and they are denoted by I, m, n.

Note: If I, m, n are direction cosines of a line L then [2 + m2 + n2 = 1.

12.The Dices of a line AB where A= (x1, y1 z1) B=(x2 y, z,) are

Xp=X1 _ Vo=V _Zp— 24

AB AB AB

Where AB = V(x2 — x1)2 + (y2 — y1)2 + ( 22 — z1)?
13.1f ( Iy my nq) (I myny) are dices of the lines L4, L, then the angle between

then cosf =1l +mymy, +nyn,

14.1f 11 2 + m1 m2 + n1n2 = 0 then the lines are perpendicular

l .
15.1f 2="2 =21 then the lines are parallel
I, my; n



16.The projection of the line A= (x; y1 z1) B=(x2 Yy, z)ontheline

L whose Dicesare |, m,nisl (x; —xy) + m(y, —y1) +n(z; — z1)

17.The dices of X-axis (1,0,0)
Y-axis (0,1,0)
Z-axis (0,0,1),

18.The dices of YZ-plane (1,0,0)
ZX-plane (0,1,0)
XY-plane (0,0,1)
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2. The Plane

B. Srinivasa Rao Lecturer in Mathematics GDC RVPM

Definition: A surface is called a plane surface or plane if all the points of a straight line joining any
two points on the surface lie on it.

1) The general equation of a plane ax + by + cz + d = 0 where a, b, ¢ are direction ratios of the
normal line to the plane and a? + b? + c¢? # 0 and if d = 0 then it is passing through origin.

2) The normal form of plane is Ix + my + nz = p where [, m, n are direction cosines of the normal
line to the plane thatis [? + m? + n? = 1.

AQDbc

ax+by+cz+d=0

3)The intercepting form of the plane §+ % +§ = 1where A = (a,0,0),B = (0,b,0) and C =
(0,0,c) are X, Y and Z intercepts of the plane.

Z-axis

¢ =(0,0,¢)

Y-axis

X-axis A = (a,0,0)
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4)The normal form of the planeax + by +cz+d = 0is

a X + b n c 7 = —d
va?+b?+c? vVa?+b?+c? y va?+b?+c? a’?+b?+c?
5)The perpendicular distance from the point P ( x4 y;,z; ) to the plane

| ax1+byi+cz1+d|
va?+b2+c?

6)The perpendicular distance from the origin to the plane ax + by + cz+d = 0 is

ax+by+cz+d=0is

| d|
va?+b?+c?

7)Equation of a plane passing through P ( x; y;,z; ) and whose direction ratios of the
normal line are a, b, c is
a(x —x) +b(y —y,) +c(z—2) =0.
8)Angle between the planes a;x + b;y + ¢,z +d;=0and a,x + b,y + ¢,z +d,=0
is

a1a2+b1b2 +C1Cy

cos O =

\/a12+b12+c12 \/a22+b22+c22
(). If aya, + byb, + c1c, = 0 then the planes are perpendicular.
(ii). If Z—: = I;—: = z—: then the planes are parallel.
9)The parallel plane to a plane ax + by + cz + d = 0 is in the form
ax+by+cz+k=0.

10)The distance between the parallel planes

| dy— da|
va? + b? + c?

ax+by+cz+di=0& ax+by+cz+d, =0 is

11) i). The direction cosines of the XY-Plane
= direction cosines of the Z-axis =0, 0, 1
ii). The direction cosines of the YZ-Plane
= direction cosines of the X-axis =1, 0, 0
iii). The direction cosines of the ZX-Plane

= direction cosines of the Y-axis =0, 1, 0
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Problems:

1.Reduece the equation 2x — 6y + 3z — 21 = 0 of a plane into normal form.
Solution: Equation of the given plane 2x — 6y + 3z —-21=0

And 1t’s normal form

a b c -d
X+ + zZ=
va?+b2+c? vaZ+b2+c? y vaZ+b2+c? Va?+b?+c?
VaZ + b? +¢% =22+ (—6)2 +32 =/49=7

. 2x—6y+3z-21
7

=0

2 6 3 21
> - Xx—z -z=—=3.
7 7Y T3 7

2.Reduece the equation 6x — 2y — 3z + 7 = 0 of a plane into normal form.

Solution: Equation of the given plane 6x — 2y — 3z + 7 = 0 and it’s normal form

a

b c _ —d
Vot Xt Vammra Y T Tzt 2T Vatvotec?
J62+ (=2)2+(-3)2= V49=7

. 6x—2y—-3z+7
7

=0

6 2 3 7
> -x—-y—-z=—-=-1.
7 7 7 7

3.Find the perpendicular distance from the origin to the plane 3x + 4y — 12z + 65 = 0.

Solution: The perpendicular distance from the origin to the plane

i |l
ax+by+cz+d=0Is W]
Now the perpendicular distance from the origin to the 3x + 4y — 12z 4+ 65 =0 is

| 65| _ |65 _|65 _ 65
V32+4424(-12)2 9+16+144 169 13

=5.

4.Find the perpendicular distance from the point (-2, 3, 1) to the plane
2x —3y—6z+5=0.
Solution: The perpendicular distance from the point P ( x; y;,z; ) to the plane

. |ax1+by1+czl+d|
ax+by+cz+d=0Is
y VaZ+bZ+c?

.. The perpendicular distance from the point P (—2,3,1) to the plane

2x —3y—6z+6=0Is

|2(—2)—3(3)—6(1}+5|=|—14| — 14

2Z21(3)2+(-6)2 vAd 7 2
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5. Find the perpendicular distance from the point P (3, -4, 1) to the plane
x+y—z+7=0.
Solution: The perpendicular distance from the point P ( x; y;,2; ) to the plane

| ax1+by,+czi+d|

vaZ+bp2+c?

ax+by+cz+d=0is

.. The perpendicular distance from the point P(3, -4, 1) to the plane

x+y—z+7=0Iis

|3-4-1+7| _|5] _ 5

SR EDE T VBB
6)Find the angle between the planes 2x —y+z—-6=0and x+y+2z+7 = 0.
Solution: Angle between the planes
a,x + b, y+ c;z+d;=0and a,x + b,y + ¢,z +d,=0is
asaz+biby+cicy

\/a12+b12+C12 \/a22+b22+C22

cosf =

Given that the planesare 2x —y+z—6=0and x+y+2z4+7=0

@M+EV@+ME@) 3 3 1 T
Varitivirisd  Jeye 6 2z 953

Now cos 8 =

VA T
=>COSQ=COS§=>9=§

7)Find the angle between the planes
x+2y+3z—5=0and3x+3y+z+9=0.
Solution: Angle between the planes
a;x + by + c;z+d{=0and a,x + b,y + ¢,z +d,=0is
a,a;+biby,+cicy

Ja12+b12+C12 \/a22+b22+C22

cosf =

Given that the planesare x + 2y +3z—5=0and3x+3y+2z+9=0

_WOe)+@)3)+3)@) _ 12 12
Now cos 8 = Vi+4+9 V9+9+1 /14419 V266

= oS0 = —— =0 = cos ! ==
"~ V266 o V266

8)Find the equation of a plane through the point (1, 2, -3) and parallel to
the plane 2x — 3y +z—-5=0.
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Solution: we know the equation of the parallel plane
toax+by+cz+d=0isax+by+cz+k=0.
The given planeis2x —3y+z—-5=0
And it’s parallel plane is 2x — 3y + z + k = 0 where k is a constant.
But it passes through (1, 2, -3)
L2 =-32)+(-3)+k=0=>k=7
Equation of parallel plane 2x — 3y +z+ 7 = 0.
9)Find the equation of a plane through the point (4, 0, 1) and parallel to
the plane 4x + 3y — 12z + 6 = 0.
Solution: we know the equation of the parallel plane
toax+by+cz+d=0is ax+by+cz+k=0.
The given planeis4x + 3y —12z+ 6 =0
And it's parallel plane is 4x + 3y — 12z + k = 0 where k is a constant.
But it passes through (4, 0, 1)
S 4(4)+30)-12(D)+k=0=>k=-4
Equation of parallel plane 4x + 3y — 12z — 4 = 0.
10)Find the distance between the parallel planes
12x —3y+4z—7=0and 12x -3y +4z+ 6 = 0.

Solution: The distance between the parallel planes

| di— dy|
va?z + b2 + c2

Given planesare 12x —3y+4z—7 =0and 12x — 3y +4z+ 6 = 0.

ax+by+cz+d;=0& ax+by+cz+d, =0 is

| 6+7 | 13 13
V122 + 32 4+ 42 V169 13

Distance between them =

11) Find the distance between the parallel planes
3x—y+2z+4=0and 6x—2y+4z+5=0.
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Solution: The distance between the parallel planes

| di— da|
va? + b? + c?

Given planesare 3x—y+2z+4=0and 6x—2y+4z+5=0.

ax+by+cz+di=0& ax+by+cz+d, =0 is

Thatis6x — 2y +4z+8 =0and 6x —2y +4z+ 5 = 0.

| 5-4 | 11
J6z+(=2)2+42 56 2V14°

Distance between them =

12)Find the equation of a plane passing through the points
(2,2,-1) (3,4, 2)and (7, 0, 6).
Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

alx —x) +b(y—y,) +c(z—2z) =0.
.. Equation passes through the point (2, 2,-1) is
a(x—2)+b(y—2)+c(z+1)=0------- (D
But it passes through the points (3, 4, 2) and (7, 0, 6)
na3—-2)+b(4-2)+c(2+1)=0

a(1)+b(2)+c(3) =0 - (2)
a(7—2)+b(0—-2)+c(6+1)=0
a(5) +b(=2) +c(7) =0 --------------- (3)
To solve the Equations (2) and (3) using the method of cross multiplication
2 3 1 2
-2 7 5 -2
a B b B c
14— (—-6) 15—-7 —=2-10
a b c a b c
e = _—_ —_— = —
20 8 -12 5 2 -3

Put the valuesin (1)
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5x—2)+2(y—2)—-3(z+1)=0
=>Bx—-10)+R2y—4)—-3z—3=0
= 5x + 2y — 3z — 17 = 0 isrequired plane.
13)Find the equation of a plane passing through the points
(1,1, 1) (1,-1, Dand (-7, -3, -5).
Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

a(x—x1) +b(y—y)+c(z—2z) =0.
.. Equation passes through the point (1, 1, 1) is
ax—1)+bly—-1)+c(z—1) =0---------- (D)
But it passes through the points (1, -1, 1) and (-7, -3, -5)
La(l-1D)+b(-1-1)+c(1-1)=0

a(0) +b(=2)+c(0) =0  ----mmmmem- (2)
a(=7-1)+b(-3—1)+c(-5-1)=0
a(—8) + b(—4) + c(—6) = 0 --------------- 3)
To solve the Equations (2) and (3) using the method of cross multiplication
-2 0 0 -2
-8 -4 -6 -8
a b <
8—-(0) 0-0 0—-12
a_b _ ¢ a_b _ ¢
8 0 -12 2 0 -3

Put the valuesin (1) 2(x —1)+0(y—1)—-3(z—1) =0

= 2x — 3z + 1 = 0 is required plane

BSR MATHS GDC RVPM



14)Show that the points (0, 4, 3)(-1,-5,-3)(-2,-2,1)(1, 1, -1) are coplanar.

Solution: Let a, b, c are direction ratios of the normal line to the plane. First to find the
equation of the plane through the points (0, 4, 3) (-1, -5,-3) (-2,-2,1)

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

a(x —x;)+b(y—y;)+c(z—2z,) =0.
.. Equation passes through the point (0, 4, 3) is
alx—0)+b(y—4)+c(z—3)=0-------—--- (D
But it passes through the points (-1, -5, -3)(-2,-2, 1)
Sa(-1-0)+b(-5-4)+c(-3-3)=0
a(=1)+b(=9) +c(—6) =0
a(1) +b(9) +c(6) = 0 ---------- (2)
a(=2—-0)+b(-2—-4)+c(1-3)=0
a(=2)+b(=6)+c(-2)=0

a(1)+bB)+c(1) =0 -------—--- (3)
To solve the Equations (2) and (3) using the method of cross multiplication
9 6 1 9
3 1 1 3
a b o
9-18 6-1 3-9
a b c b c
—_——  —_- = — = _—_—= — = -
-9 5 -6 -5 6

Put the values in (1)
9(x—0)—-5(y—4)+6(z—-3)=0
9x — 5y + 6z + 2 = 0 is the plane.
Now to put the 4t point (1,1,-1)in9x — 5y +6z+2 =0
LHS=9x — 5y +6z+2=9(1) —5(1) + 6(—1) + 2 = 0=RHS
.. The given points (0, 4, 3) (-1, -5,-3) (-2,-2,1) (1, 1, -1) are coplanar.
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15)Show that the points (0, -1,-1) (4,5,1) (3,9, 4) (-4, 4, 4) are coplanar.

Solution: Let a, b, c are direction ratios of the normal line to the plane. First to find the
equation of the plane through the points (0, -1,-1) (4,5,1) (3,9, 4)

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

a(x —x;)+b(y—y;)+c(z—2z,) =0.
.. Equation passes through the point (0, 4, 3) is
a(x—0)+b(y+1)+c(z+1)=0------- (D
But it passes through the points (4,5, 1) (3,9, 4)
“ad—-0)+bG+1)+c(1+1)=0
a(4) +b(6)+c(2)=0

a(2)+b3)+c(1) =0 - (2)
aB3-0)+b9+1)+c(4+1)=0
a(3)+ b(10)+c(5) =0 ---------- 3)
To solve the Equations (2) and (3) using the method of cross multiplication
3 1 2 3
10 5 3 10
a b <
15-10 3-10 20-9
a_ b _<¢
5 -7 11

Put the valuesin (1)
5x—0)—-7(y+1)+11(z+1)=0
5x — 7y + 11z + 4 = 0 is the plane.
Now to put the 4t point (-4, 4,4) in5x — 7y +11z+4 =0
LHS=5x -7y +11z+4=5(—4)—-74)+11(4)+4=0
.. The given points (0,-1,-1) (4,5,1) (3,9, 4) (-4, 4, 4) are coplanar.
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16) Find the equation of a plane passing through the points
(2,2,1) (9, 3, 6) and perpendicular to a plane 2x + 6y + 6z = 9.
Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

alx —x))+b(y—y,) +c(z—2z) =0.
.. Equation passes through the point (2, 2, 1) is
a(x—=2)+b(y—2)+c(z—1) =0 -------- (D
But it passes through the point (9, 3, 6)
a(9—-2)+b(3—-2)+c(6-1)=0

a(7)+b(1)+c(5)=0 - (2)
Also, it is perpendicular to the plane 2x + 6y + 6z = 9.
a(2) +b(6) +c(6) =0-----mmmmmmmm- 3)
To solve the Equations (2) and (3) using the method of cross multiplication
1 5 7 1
6 6 2 6
a b _
6—30 10—42  42-2
a b c a b c
—_ = -_— z —_ = - e
—24 —-32 40 3 4 -5

Put the valuesin (1)
3(x—2)+4(y—2)—-5(z—-1)=0
= 3x + 4y — 5z — 9 = O isrequired plane
17) Find the equation of a plane passing through the points
(1,-2,2) (-3, 1,-2) and perpendicular to a plane x + 2y — 3z = 5.
Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

BSR MATHS GDC RVPM



a(x —x)+b(y—y,) +c(z—2z) =0.
.. Equation passes through the point (1, -2, 2) is
ax—1)+b(y+2)+c(z—2)=0------- (D
But it passes through the point (-3, 1, -2)
a(=3-1)+b(1+2)+c(-2-2)=0
a(=4)+bB)+c(-4) =0 - (2)
Also, it is perpendicular to the plane x + 2y — 3z = 5.
“a(l)+b(2)+c(=3) =0 - 3)
To solve the Equations (2) and (3) using the method of cross multiplication
3 -4 -4 3
2 -3 1 2

a B b C
—94+8 —4-—-12 -8-—3

b c a b

-1~ -16  -11 1 16 11
Put the values in (1)
1x—1)+16(y+2)+11(z—-2)=0
=>x+ 16y + 11z + 9 = 0 is required plane

18) Find the equation of a plane passing through the point (4, 4, 0) and
perpendicular to the planesx + 2y +2z—-5=0,3x+3y +2z—-8=0

Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

a(x —x) +b(y —y1) +c(z—2) =0.

.. Equation passes through the point (4, 4, 0) is

alx—4)+b(y—4)+c(z—0) =0---------- (1)
and it is perpendicular to the plane x + 2y +2z—-5=0 .
a(1)+b2)+c(2) =0 ----mmmmmee- (2)
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Also, it is perpendicular to the plane 3x + 3y +2z—-8 =0

a(3)+bB) +c(2) =0 - 3)
To solve the Equations (2) and (3) using the method of cross multiplication
2 2 1 2
3 2 3 3
a b o
4—-6 6-2 3-—6
a b c a b
—_—= - = D -= — = -
-2 4 -3 2 —4

Put the valuesin (1)
2x—4)—4(y—4)+3(z—-0)=0
= 2x —4y +3z+8 =0 isrequired plane

19) Find the equation of a plane passing through the point (-1, 3, 2) and
perpendicular to the planesx + 2y +2z—-5=0,3x+3y +2z—-8=0

Solution: Let a, b, c are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and
whose direction ratios of the normal line are a, b, c is

a(x —x;)+b(y—y;)+c(z—2z,)=0.

.. Equation passes through the point (-1, 3, 2) is

ax+1)+b(y—3)+c(z—2)=0--------- (1)
and it is perpendicular to the plane x + 2y + 2z —-5=0 .
a())+b2)+c(2)=0 - (2)
Also, it is perpendicular to the plane 3x + 3y + 2z -8 =0
~aB3)+b(3)+c(2) =0 (3)
To solve the Equations (2) and (3) using the method of cross multiplication
2 2 1 2
3 2 3 3
7} b c
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Put the values in (1)
2x+1)—4(y—-3)+3(z—-2)=0
= 2x —4y + 3z+8 =0 isrequired plane.

20)A variable plane meets the coordinate axes at A, B and C and is at a
constant distance p from the origin. Show that the locus of the centroid of

the triangle ABCis x 2 +y 2 +2z72=9p~2

Solution: We know the equation of a plane meets the coordinate axes is the
intercepting form and is

X y z
-+ =4+ -=1
a p v

whose intercepts are A= («, 0,0) B= (0, $,0) and C= (0,0, y).

Given that p = the perpendicular distance from origin (0, 0, 0) to the plane

x y z
-+ =+-=1
a B v
The perpendicular distance from the origin to the plane ax + by + cz+d = 0 is
| d|
va?+b?+c?
-1 2 1
P= 7= P =711 1
Ztaztie Z2tpztyz
1 1 1 1
= mtEt = (1)

To find the locus of centroid of Triangle ABC.
Let P = (x4, y1,2;) is the centroid of Triangle A(«, 0, 0) B(0, 5,0) C(0,0,y)

_(a+0+0 0+£+0 O+O+y)_(a ﬁy)
o 3 ' 3 '’ 3 ~\3’3’3

Y

=>x1=% = a = 3xq, y1=§ = [ =3y;,and z; = §=>y=321

Put the valuesin (1)
1 1 1 1
+ + =—
(3x1)2 (3y1)? (3z1)* p?
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1 1 1 1

+ +——=
9X12 9y12 9212 pz
1 1 1 9

2 + 2 + 2~ 2
X1 Y1 Z1 1%

X, 2 +y; 2 +2z,72=9p?
The locus of the point P = (x;,y,,2,)is x 2 +y 2 +2z72=9p 2,

21)A variable plane meets the coordinate axes at A, B and C and is at a constant
distance p from the origin. Show that the locus of the centroid of the Tetrahedron
OABCis x 2 +y 2+4+z72=16p 2

Solution: We know the equation of a plane meets the coordinate axes is the
intercepting form and is

y z
2 =1
+ﬁ+y

whose intercepts are A= (a, 0,0) B=(0, B,0)and C=(0, 0, y).

RIR

Given that p = the perpendicular distance from origin (0, 0, 0) to the plane

Y
B

The perpendicular distance from the origin to the plane ax + by +cz+d =0
IS

Z+2+2=1
a Y

| d|
va?+b?+c?
|1 2 1
P=F7F7777—5= P =11 1
Ja gtz AN
1 1 1 _ 1
= mtEt =g 1)

To find the locus of centroid of Tetrahedron OABC.
Let P = ( x4, y4,2;) is the centroid of Tetrahedron
0(,0,00A(a,0,00B (0, B,0)C(0,0,Y7)

_ (a+0+0+0 0+p+0+0 0+0+y+0) . (a B y)
4 ’ 4 ' 4 " \4’4’4

:x1=% = a = 4x,, ylzg = B =4y;,and z; = %:y=4zl

Put the values in (1)
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1 1 1 i
(4x)2 | (4y1)?  (4z1)%  p?
1 1 1 _ 1
16,2 16y,2 | 1622  p?
1 1 1 16
x1? + y1? + z1? - P_Z

x; 72 +y; 2 +z,72=16p7?
The locus of the point P = (x4,y4,2,)is x24+y 2+z72=16p 2.

22)A variable plane meets the coordinate axes at A, B and C and is at a constant
distance 3p from the origin. Show that the locus of the centroid of the triangle
ABCis x 2 +y 2+z%2=p 2

Solution: We know the equation of a plane meets the coordinate axes is the
intercepting form and is

x hY% z
i 2 =1
a+B+y

whose intercepts are A= («a, 0,0) B=(0, #,0)and C= (0,0, y).
Given that 3p = the perpendicular distance from origin (0, 0, 0) to the plane

X y z
-+ =4+-=1
a B v

The perpendicular distance from the origin to the plane ax + by +cz+d =
0is

| d|
va2+b2+c?

To find the locus of centroid of Triangle ABC.
Let P = ( x4,y4,2,) is the centroid of Triangle A(a, 0, 0) B(0, £,0) C(0,0,y)
— (a+0+0 0+B+0 O+O+y) — (E E Z)

3’ 3 7 3 3’3’3

B

a

3 =y =3z,
Put the values in (1)
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1 1 1 1
(3x1)? (3y1)? (3z1)2 9p?

1 1 1
2 + 2 + 2 = 2
9x4 9Y1 9z, 9p
1 1 1 1
2 + 2 + 2 2
X1 Y1 Z1 p

X1 2+ P4z P =p?

The locus of the point P = (x4,y4,24)iS x 2 +y 24272 =p 2

23)A variable plane meets the coordinate axes at A, B and C such that the centroid
of the triangle ABC is the point (a, b, ¢) . Show that the equation of the plane is

Xy Y, Z_3
a b c

Solution: We know the equation of a plane meets the coordinate axes is the
intercepting form and is

x y z
— = — =1 1
a+B+y (1)

whose intercepts are A= (a, 0,0)B=(0, #,0)and C= (0,0, y).
Given that (a, b, c) is the centroid of Triangle A(a, 0, 0) B(0, £, 0) C(0,0,y)

_(a+0+0 0+4+0 0+0+y)_(a ﬁy)
3 ' 3 7 3 “ 3’3’3

:,>a=%=>a=3a, b=§=>,8=3b,andc=§=)y=3c

Put the values in (1)
%+ ;—b+ %=1 :§+%+§=3
System of Planes
1.Equation of a plane through the intersection of planes
m, = a,x + by + c;Z +d;=0 and
Ty = ayX + b,y + ¢c,2+d,=0 is m; + A m,=0

Le.ayx + by + ¢z +dy + A(ayx + b,y + cyz+d,) =0.
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2.Equations of angle bisecting planes between the planes
77:1 - alx + bly + C12 +d1: 0 and
7T2 - azx + bzy + sz +d2= 0 |S

a1x+b1y+ C1Z +d1 a2x+b2y+ CrZ +d2

\/a22+b22+C22

=+

\/a12+b12+C12

Note:1 If the angle between one of the planes and one of the angle bisectors is
less than % then that angle bisector is acute angle bisector and other is obtuse

angle bisector.
Note:2 Leta;x + by + c¢;Z +d;=0 ------ (1)
a,x + b,y + ¢,z +d,=0 ------- (2) are intersecting planes such that
d,d, > 0.
(A) a,a, + byb, + cyc, < 0then the origin lies in the acute angle
between (1) and (2).
(B) a;a, + byb, + c,c, > 0 then the origin lies in the obtuse angle
between (1) and (2).
Problems:
1.Find the equation of a plane through the line of intersection of planes
x+y—z—6=0,2x—4y+3z+5 = 0and the point (1, 1, 1).
Solution: We know that Equation of a plane through the intersection of planes
my=0and m, =0 is m; + A m,=0 where 1 is a constant
o therequired planex +y—z—-6+A(2x —4y+3z+5) =0 ------- (1)
But it passes through the point (1, 1, 1)
2141-1-64+2[2(1)—-4(1)+3(1)+5]=0=>-5+61=0

A==
6
Put the value in (1) x +y —z — 6+~ (2x — 4y + 32+ 5) = 0

16x-14y +9z-11=0.
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2. Find the equation of a plane through the line of intersection of planes
2x—7y+4z—3=0,3x — 5y + 4z + 11 = 0 and the point (-2, 1, 3).

Solution: We know that Equation of a plane through the intersection of
planes

m;=0and m, =0 is m; + Am,= 0 where 1 is a constant
.. the required plane
2x—7y+4z—-3+AB3x—-5y+4z+11) =0 -------- (D)
But it passes through the point (-2, 1, 3).
L2(-2)—-7(H)+43) -3+ A3(-2)—-5(1)+4(3)+11]=0
A= -2+ A(12)=0=> 1=1/6
Put the value in (1)
2x—7y+4z—3+§(3x—5y+4z+11) =0
15x —47y+28z—-7=0
3. Find the equation of a plane through the line of intersection of planes

x+2y+3z+4=0,4x+ 3y +3z+ 1 = 0 and perpendicular to a plane x +
y+z+9=0,

Solution: We know that Equation of a plane through the intersection of planes

m,=0and m, =0 is m; + A m,=0 where 1 is a constant
.. the required plane

x+2y+3z+4+1(4x+3y+3z+1)=0------- 1)
(1+4 Dx +2+3 D)y +B+30)z+ @+ 1) =0

But it is perpendiculartox +y+z+9 =20

5. .0y + biby + ¢, =0
(1+41).1+(2+31)1+B+31).1=0=>6+10A=0=>21=—-3/5

Put the value in (1)
x+2y+3z+4—2(4x+3y+32+1) =0

—7x+y+6z+17=0
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4.Find the bisecting planes of acute angle between the planes
3x —y+2z+3=0, 3x — 2y + 6z + 8 = 0 and distinguish them.
Solution: We know that equations of angle bisecting planes between the planes
m, =a.x + by + c;2+d;=0and

7T2 - azx + bzy + sz +d2: 0 |S

a,x+b y+ciz+dq _ + a,x+byy+ cpz +d,
1’6112‘*'13124'%2 B a2 +by%+c,?
Given planes are 3x—y+2z+3=0 ------ (1)

3x—2y+ 6z+8=0---—---- (2)
3x—y+2z+3 _ 3x—2y+ 62+8
Va+1+4 —  V9+4+36
3x-y+22+3 _ | 3X-2y+62+8
3 - 7
>7Bx—y+2z+3)= x3(3x—2y+ 6z+8)
= 21x -7y +14z+21) = +(9x — 6y + 18z + 24)
= 21x =7y +14z+21) = +(9x — 6y + 18z + 24)
Or 21x — 7y +14z+4+21) = —(9x — 6y + 18z + 24)
= 30x— 13y +32z+45=00r12x—y—4z—-3 =0

12x —y—4z—-3=0  ----—---- (3)
30x — 13y +32z+45=0 ---—-- 4)
1)
3)
» (2)
v )
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To find the angle between the planes (1) and (3)

3x—y+2z+3=0 ------- (1)
12x—y—4z—-3=0 --------- (3)
a,a, + byb, + cyc,
cosO =
\/alz + by % + ¢y \/azz + b, + ¢,
e 30D CDED @)
V9+1+4V144+1+ 16
19 19 19 1
T V161V14 V2254 4747 > N c0S 45

0 > n/4

.. the plane (3) bisects the plane (1) with obtuse angle and hence the plane
(4) bisects the plane (2) with acute anglei.e. 30x — 13y + 322+ 45=0

Given planes 3x —y+2z+3=0 ------- (1)
3x—2y+ 6z+8=0-------- (2)
Asd;d,=3x8=24 >0
And a,a, + b;b, + ¢y, = (3)(3) + (—1)(—1) + (2)(6) = 22 > 0 then the
origin lies in the obtuse angle between (1) and (2).
5.Find the bisecting planes of acute angle between the planes
3x—2y+6z+2=0,—2x+y — 2z — 2 = 0 and distinguish them.

Solution: We know that equations of angle bisecting planes between the
planes

m; =a.x + by + ¢z +d;=0and
T[z - azx + bzy + C2Z +d2= 0 iS

aix+biy+ciz+d, _ a,x+byy+ cpz +d,

——— =
a12+b12+C12 a22+b22+C22
Given planes are 3x—2y+6z+2=0 ------- (D)
2x—y+2z+2=0----—---- (2)
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2X—y+ 2z+2 4 3X-2y+67+2

V4+1+4 —  4/9+4+36
2xX—=y+ 2z+2 3x—2y+6z+2
= y3 = i y7

=>72x—y+2z+2)= +£3@Bx—2y+ 6z+2)

= (14x -7y +14z+14) = +(9x — 6y + 18z + 6)
= (4x—-7y+14z+14)= +(9x — 6y + 182+ 6)
Or(14x —7y+14z+14) = —(9x — 6y + 18z + 6)
= 5x—y—4z+8=00r23x—13y+32z+20=0
5x—y—4z4+8=0 -----—---- 3)

23x —13y+32z+20=0 ------ (4)

€Y)
/ ’
» (2)
/M

To find the angle between the planes (1) and (3)

3x—2y+6z+2=0 ------- (D)
S5x—-y—4z4+8=0 -----—---- 3)
cos 6 = |ajaz+byby+cqicy |

Ja12+b12+C12 Ja22+b22+C22

g = 13(5) + (=2)(—=1) + (6)(—4)|
V9+4+36v25+1+16

7 1
Vaovaz Va2

Now tan?f = sec?6 —1=42—-1=41

Cos O =
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Tan 6 = V41 > 1 = tan /4 6 > n/4
. the plane (3) bisects the plane (1) with obtuse angle and hence the plane
(4) bisects the plane (2) with acute angle i.e., 23x — 13y + 32z + 20 =0
Given planes 3x —2y+6z+2=0 ------- (D
2x—y+2z+2=0-------- (2)
Asdid,=2%x2=4 >0
And a,a, + byb, + ¢, = (3)(2) + (—2)(-1)+ (6)(2) =20>0

then the Origin lies in the obtuse angle planei.e,5x —y —4z+8 =0
between (1) and (2).

6.Find the bisecting planes of acute angle between the planes
3x —6y+2z+5=0,4x — 12y + 3z — 3 = 0 and distinguish them.

Solution: We know that equations of angle bisecting planes between the
planes

m; =a,x + by + ¢z +d;=0and
Ty, = a,Xx + b,y + ¢,z +d,=01is

aix+biy+ciz+d, _ + a,x+byy+ cpz +d,
1’Cl1z'|'b1z+c12 a2 +by%+c,2
Given planes are 3x — 6y +2z+5=0------- (1)
4x —12y+3z—3 =0 -------- (2)
3x—6y+2z+5 4x—-12y+3z—-3

Vo+36+4  — 16+144+9
3x—6y+ 2z+5 4x—12y+3z-3
:,~+ = + 13’—3

= 13(B3x—6y+2z+5)= £ 7(4x— 12y + 3z —3)
= (39x — 78y + 26z + 65) = +(28x — 84y + 21z —21)
= (39x—78y+ 26z + 65) = +(28x — 84y + 21z —21)
or (39x — 78y + 26z + 65) = —(28x — 84y + 21z —21)
= 11lx+6y+52+86=00r 67x— 162y +47z+ 44 =0
11x+6y+5z+86 =0 --------- 3)
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67x — 162y + 47z + 44 = 0 ------ 4)

€]
(3)
»  (2)
4)
To find the angle between the planes (1) and (3)
3x_6y+2Z+5=0 _______ (1)
11x+6y+52+86=0 _________ (3)
cos 8 = |layaz+bibatcicy |
\/a12+b12+C12 \/a22+b22+C22
osg = 130D+ (=6)(6) + A)(G)|
V9 +36+ 4121436+ 25
7 1
Cos 8 = = T

Now tan?f = sec’0 —1=182-1=181
Tan 6 =181 > 1 = tann/4 0 > n/4

. the plane (3) bisects the plane (1) with obtuse angle and hence the plane

(4) bisects the plane (2) with acute angle i.e.,, 67x — 162y + 47z + 44 =0

Givenplanes are 3x—6y+2z+5=0------ 1)
—4x 4+ 12y —-3z+4+3 =0 ------—-- (2)

Asd;d,=5%x3=15>0
And aqa; + b;b, +cic; = (3)(—4) + (—6)(12) + (2)(—3) = -90< 0
then the Origin lies in the acute angle plane i.e., between (1) and (2)
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67x — 162y + 47z + 44 = 0.
7.Find the bisecting planes of acute angle between the planes
—x+2y—2z+19=0, 4x — 3y + 12z + 3 = 0 and distinguish them.
Solution: We know that equations of angle bisecting planes between the planes
Ty = a1 x + by + ¢z +d;=0and

Ty = QX + bzy + CrZ +d2= 0 is

aix+biy+ciz+dq _ + azx+byy+ ¢z +d;
a12+b12+C12 a22+b22+C22
Given planes are —x + Zy —2z4+19 =0 ------- (1)
4x -3y +12z+3 =0 -------- (2)

—x+2y—-2z+19 4x—-3y+12z+3
Vita+a T T Ji6+9+144
—x+2y—2z+19 4x—-3y+12z+3

:>+ == y13

> 13(—x+ 2y —2z+19) = +3(4x -3y + 12z + 3)
= (—13x + 26y — 26z + 247) = +(12x — 9y + 36z +9)
= (—=13x+ 26y — 26z + 247) = +(12x — 9y + 36z +9)
or (—13x + 26y — 26z + 247) = —(12x — 9y + 36z +9)
= —25x+ 35y —62z+238=00r—x—17y + 10z + 256 = 0
—x—17y +10z+ 256 =0 --------- 3
—25x +35y —62z+238=0 ------ 4)

(1)
(3)

v

(2)

(4)
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To find the angle between the planes (1) and (3)
—x+2y—22+19=0 =0 ------- (D
—x—17y + 10z + 256 =0 --------- 3)

laiaz+biby+cic; |

cosf =

\/a12+b12+C12 \/a22+b22+C22

_ (=D (1) + (2)(=17) + (=2)(10)]
V1+4+4+1+289+100

cos @

|-53] 53

Cos & = 3v390 3390

2809 701
Now tan?f =sec?d—1="—1=—
3510 3510

Tan 6 = /ﬂ<1=tann/4 0 < m/4
3510

. the plane (3) bisects the plane (1) with acute angle and hence the plane
(4) bisects the plane (2) with obtuse angle i.e., 0
Given planes
—x+2y—2z+19=0 ----—--- (1)
4x —3y+12z+3 =0 -----—--- (2)

Asd;d,=19x3 =57 >0

And aya, + byb, + c;c, = (—1)(4) + (2)(-3) + (—2)(12) = -34 <0

then the Origin lies in the acute angle plane i.e., between (1) and (2).
—x—17y +10z+ 256 =0
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Pair of Planes

1.The joint equation of two planes is a pair of planes.
2.The general equation of pair of planes passes through origin is
ax?® + by? + cz? + 2hxy + 2fyz + 2gzx = 0
3. The general equation of pair of planes does not passes through origin is
ax?® + by? + cz? + 2hxy + 2fyz + 2gzx + 2ux + 2vy + 2wz +d = 0
4.Conditions for an equation ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0
represents pair of planes are

(i)A = abc + 2fgh — af? — bg? — ch? = 0.

(ii)f? = bc, g? = ac,h? = ab.
5.Angle between the pair of planes

ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0 is

| a+b+c|
J(a+b+c)2+4(f2+g%2+h%—ab—bc—ca)

Cos 8 =

(i)Condition for a pair of plane represents perpendicular linesa + b +c¢c =0
(ii)Condition for a pair of plane represents parallel lines
f? =bc, g = ac,h? = ab.
Problems:
1.Show that the equation 2x2 — 6y% — 12z%2 + xy + 18yz + 2zx = 0
represents a pair of planes, and find the angle between them.
Solution: Compare the equation 2x? — 6y% — 12z? + xy + 18yz + 2zx = 0
With the equation ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0
a=2 b=-6 c=-12
2h=1=h=1/2 2f=18=>f=9 26=2=g=1
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LHS= A = abc + 2fgh — af? — bg? — ch?
=144 +(1)(9)(1)-2(81)+6(1)+12(1/4)
=144+ 9 - 162 + 6 +3 =0RHS

The equation represents pair of planes

Angle between them

| a+b+c|

Cos 6 = V(a+b+c)2+4(f2+g?+h?~ab-bc-ca)

|-16|

_\/(—16)2+4[81+1+%—(—12)—(72)—(—24)]

16

\/256+4—[81+1+%+12—72+24—]

16 16 16 116
= — = @=cos 1=

\/256+4[46+%] Va4l 21 21

2.Show that the equation 2x2 — 2y? + 4z2 + 3xy + 2yz + 6zx = 0
represents a pair of planes, and find the angle between them.
Solution: Compare the equation 2x% — 2y% + 4z2 + 3xy + 2yz + 6zx = 0
With the equation ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0
a=2 b=-2 c=4
2h =3 > h=3/2 2f=2=f=1 26=6=>g=3
LHS= A= abc + 2fgh — af? — bg? — ch?
=-16 +(3)(3)(1)-2(1)+2(9)-4(9/4)
=-16 + 9 -2 + 18-9=0RHS
The equation represents pair of planes

Angle between them

| a+b+c|
J(a+b+c)2+4(f2+g2+h2—ab—bc—ca)

Cos 0 =

|41

@t o+ oo
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4

J16+4[10 +2+4]

4 4 1

4 —
= Jietsero] VeI o 6 = cos
3. Show that the equation 6x? + 4y? — 1022 — 11xy + 3yz + 4zx = 0

O |

represents a pair of planes, and find the angle between them.
Solution: Compare the equation
6x2 + 4y? —10z2 — 11xy + 3yz+ 4zx =0

With the equation ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0
a=6 b=4 c=10
2h=-11=h=-11/2, 2f=3=f=3/2 26=4=>g=2
LHS= A = abc + 2fgh — af? — bg? — ch?

=-240+(3)(2)(-11/2) - 6(9/4)-4(4) +10(121/4)

=-240-33-27/2-16 +605/2

=-289 + 222 =289 + 2% = — 289 + 289 = 0 =RHS
The equation represents pair of planes

Angle between them

Cos 6 = | a+b+c|
J(a+b+c)2+4(f2+g2+h2—ab—bc—ca)
= 19l =0=cos= ===
vdenominator 2 2
4. Show that

x?+4y2 +9z2 + 4xy —12yz — 6zx +5x + 10y — 152+ 6 =0
represents a pair of parallel planes and find the distance between them.
Solution: Given that

x2+4y2 +9z2 + 4xy —12yz — 6zx + 5x + 10y — 152+ 6 =0
Leta=1 b=4, c=9,
2h=4=>h=2, 2f=-12=f=-6, 2g=-6=>g=-3

To verify the conditions f2? = bc, g% = ac, h? = ab.
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As f? = (—6)? =36 = 4(9) = bc.
g*=(-3)*=9=109) =ac
h? =2)2=4=1(4) = ab
.. The equation represents a pair of parallel planes.
Consider: x? + 4y? 4+ 9z% + 4xy — 12yz — 6zx
=x2+ (2y)%? + (32)* + 2x(2y) — 2(2y)(3z) — 2(32)x
= (x + 2y — 32)?
Hence
x2+4y2 +9z2 + 4xy — 12yz — 6zx + 5x + 10y — 15z + 6
=(x+2y—-3z+D(x+2y—3z+k)
Comparing the coefficients of x and constant term
l+k=5 ----—--- (Dand lk =6 ------ (2)
We know that (I — k)% = (I + k)? — 4lk
(I—k)>= (5)?—4(6)=25-24=1
>l-—k=1----- (3)
Tosolve (1)&(3) =3,k =2
Equations of parallel planes (x +2y—3z+3)=0(x+2y—3z+2)=0

| di— da|
va? + b2 + c2
| 2-3]| 1

T JPr2Zr(32?  Via

The distance between the parallel planes =

5. Show that
x%+4y? +4z% + 4xy +8yz+ 4zx —9x — 18y — 182+ 18 =0

represents a pair of parallel planes and find the distance between them.

Solution: Given that
x2+4y? +4z° + 4xy +8yz+ 4zx —9x — 18y — 182+ 18 =0

Leta=1 b=4, c=4,

2h=4=>h=2, 2f=8=f=4, 2g=4=>g=2
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To verify the conditions f2 = bc, g? = ac,h? = ab.
Asf? = (4)* = 16 = 4(4) = b.
g °=2)¥=4=14) =ac
h2=(2)2=4=1(4) = ab
.. The equation represents a pair of parallel planes.
Consider: x? + 4y? + 4z% + 4xy + 8yz + 4zx
=x2+ (2y)? + (22)* + 2x(2y) + 2(2y)(2z) + 2(2)x
= (x + 2y + 22)?
Hence x? + 4y? + 4z% + 4xy + 8yz + 4zx —9x — 18y — 18z + 18
=(x+2y+2z+D)(x+2y+2z+k)
Comparing the coefficients of x and constant term
l+k=-9 -—-—--- (1) and lk = 18 ------ (2)
We know that (I — k)% = (I + k)? — 4lk
(I—k)>= (-9)?—-4(18)=81-72=9
=>1—k =3-—-—--- (3)
To solve (1)&(3)l = -3,k =—6
Equations of parallel planes (x + 2y +2z—-3)=0(x+2y+2z—-6) =0

| di — d; |

vaz + b? + c2
|-3+6] _ 3

ViZ+22+22 9

The distance between the parallel planes =

=1

All the best -BSR.
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2. Right Line
B. Srinivasa Rao. Lecturer in Mathematics. GDC RVPM
Definition:

The right line is a line made by the intersection of two planes and is also called straight line
or simply line.

l. If = ax + bly + C12 +d1: O a.nd
m, = a,x + b,y + ¢,z +d,= 0 are two planes then the equation of the right line is
m=0=m, ie,ax+by+ c;z+d;=0=a,x+ b,y + ¢,z +d, . Itis called

non- symmetric form of a line.

Right line T m,=0=m,

7T1=0

77:2:0

2. Equation of line through the point A ( x4 y;,z; ) whose direction ratios are [, m, n is

X=Xy YV—Y1_ Z7Z

l m n

And is also called symmetric form of a right line.
3.In the symmetric form of a line let

X—=X1 _Y=V1 _ Z—74
l m n

x —xq; = lIr, — vy, = mr, zZ—Z; =nr
1 1 1
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x=Ilr+x;, y=mr+y,, z=nr+ 2z,
Is a general point on the line and is also a point P when it is of distance r from the point
A= (x1,Y1,21 )
P=(lr+x;,mr+y;,nr+z)
4.Equation of line passing through the points A= (xy y1,21 ) B=(x, ¥,, 23 ) I8

X=X Y=V _ Z—Z

Xo2—=X1 Y2—W1 Zy — 7

Problems:

xX—2 z—2
1. Find the point of intersection of line 3 = = P and the plane

x—2y+z=20.

Solution: Let = = =r
3 4 12

>x—2=3r,y+1=4r,z—2=12r
>x=3r+2,y=4r—1,z=12r + 2.

Is a general point on the line. But it intersects the plane x — 2y + z = 20

/‘ ine

Plane

S PointP=@r+2,4r—1,12r+ 2) liesonx — 2y + z = 20
(3r+2) —2(4r — 1) + (12r + 2) = 20
=>7r+6=20=>7r=14=r=2.
The point of intersection P =(3(2) + 2,4(2) — 1,12(2) + 2) = (8, 7, 26)

x+1  y+3

z+2
2. Find the point of intersection of line 1 = 3 = 5 and the plan

3x +4y+ 5z =5.
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. x+1 y+3 z+2
Solution: Let = = =r
1 3 -2

>x+1=r,y+3=3rz+2=-2r
>x=r—-1y=3r—3,z=-2r — 2.

Is a general point on the line. But it intersects the plane 3x + 4y + 5z =5

~/

P

Plane

~PointP=(r—1,3r—3,-2r—2) lieson 3x+4y+5z=>5
3(r—1)+4@Br—-3)+5(-2r—2)=5
5r—25=5 =5r=30=> =06
The point of intersection P = (6 — 1,3(6) — 3,—2(6) — 2) = (5,15, —-14)
3.Find the foot of the perpendicular from (2,-2,3) to the plane 2x —y —2z—-9 =10

Solution:

A= (2,-2,3)

P foot 2x—y—2z2—9=0

The Drs of the perpendicular line = Drs of the plane 2x —y —2z—-9=0
=2,-1,-2
-.Equation of the line through the point A= (2,-2,3) with Drs 2,-1,-2 is
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-2 2 -3
x=2 _ y+ _ z_2 — (say)

>x=2r+2,y=-r—2,z=-2r+3
LetP = (2r+2,-r—2,-2r +3)
But the line intersects the plane 2x —y —2z—-9=10
2 2@r+2)—(-r—=2)-2(-2r+3)—-9=0
9r—-9=0=>r=1
Foot of the perpendicular P =(2+2,-1—-2,-2+3) = (4,—3,1)
4.Find the foot of the perpendicular from (2,3,4) tothe plane x+y—z+4=0

Solution:

A= (2,3,4)

/ P foot x+y—z+4=0

The Drs of the perpendicular line = Drs of theplane x + y —z4+4 =0

=1,1,-1
~.Equation of the line through the point A= (2, 3, 4) with Drs 1,1,-1 is

x=2 _y-3  z—-4
1 1 -1

=7 (say)
>x=r+2,y=r+3,z=-r+4
LetP=(r+2,r+3,-1r+4)
But the line intersects the plane x+y—z+4 =0
STr+24r+3+4+4r—4+4=0
3r+5=0=>r=-5/3
Foot of the perpendicular
P=(r+2,r+3,-r+4)=(-5/3+2,-5/3+3,5/3+4)
= (1/6, 4/3,17/3)
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5.Find the value of k if the lines

x—1 y—2 z-3 x-1 y-=5 Z—6 .
e T T are perpendicular.

Solution: Condition for the two lines are perpendicular
L, +mm,+nn,=0
Now ( 1y my,n,) = (=3,2k, 2) and (I, m,,n,) = (3k, 1,—5)
5 (-3) (3K) +(2K) (1) + (2) (-5) = 0= -0k +2k-10= 0 > k =—=,
6.Find the condition that the lines x = az+ b,y = cz+d
and x = a,y + b,,y = ¢,z + d, are perpendicular.
Solution: Giventhat x =az+ b,y =cz+d

=>x—b=az,y—d=cz

=

=
Qfl =8

[« N [~

5
IS A
a |l
QU

IN

Similarly, the second line x = a;y + by, y = c1z + d;

_bl y—d1 Z

Can be written as =

aq C1
But the lines are perpendicular
L, +mm,+nmn,=0

aa; +cc; +1=0.

7.Find the image of the point (1, -1, 5) in the plane 3x — 2y — 4z — 14 = 0.

Solution . A -15)
3,-2,-4
P

3x—2y—4z—-14=0

Q(x1,¥1,21)
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Let A=(1,-1,5)and Q = (x4, y,, 2z, ) is the image of A

Direction ratios of AQ = Direction rations of the plane 3x — 2y —4z—-14 =0

=3,-2,-4
Equation of the line AQ through A= (1, -1, 5) with d.rs 3, -2, -4
x-1 _y+1 E _
S T2 LT

=>x=3r+1,y=-2r—1,z=—4r +5.
LetP=(3r+1,-2r—1,—4r+5)
But the line meets the plane 3x — 2y —4z - 14 =0
230Br+1)—2(—2r—1)—4(—4r+5)—14 =0
29r—29=0=>r=1
SP=(3()+1,-2(1)—-1,-4(1)+5)=(4,-3,1)
Clearly P = The mid-point of A= (1,-1,5)and Q = (x4 ¥1,21 )

(-1) z1+5
2 2 )

(4,-3, 1) = (0

A 4o, =8-1=7
—y1+2(_1)=—3:y1 =—6+1=-5
Z]_+5

And

=1=2=2-5=-3
- Image of AisQ = (7, -5, -3)

8.Find the image of the point (2, -1, 3) in the plane 3x — 2y +z -9 = 0.

Solution 2 A2 -13)

3,-2,-1

P
3x—-2y+z—-9=0

v Q (xl, V1,21 )

LetA=(2,-1,3)and Q = (xy ¥4, 2; ) is the image of A
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Direction ratios of AQ = Direction rations of the plane 3x =2y +z—-9=10
=3,-2,1
Equation of the line AQ through A= (2, -1, 3) with d.rs 3, -2, 1

x—-2 _y+1 z-3 _
— ="/ = —=rsay
3 -2 1

>x=3r+2,y=-2r—1,z=r+3.
LetP=(3r+2,-2r—1,r+3)
But the line meets the plane 3x =2y +z—-9=10
23@r+2)—-2(-2r-1)+(r+3)—-9=0

14r+2=0=>7r=—
-1 -1 -1 11 -5 20
LPE(3)+2,2() - L() +3)=(5,—.7)

Clearly P = The mid-point of A= (2, -1, 3) and Q = (x4, ¥1, 21 )

11 -5 20 _ s x1+2 y1+(-1) z1+3
(-.—=.5) =(== .7 )

2 2 72
x+z _11 -
2 1=
WD _ oy = TPang 220, 2
. Image of A'is Q = ( g_—:g)
9.Find the image of the point (1, 3, 4) inthe plane 2x —y + z+ 3 = 0.
Solution s A(1,34)

2,-1,1

P
2x—y+z+3=0

V

" Q (%1, ¥1,21)

Let A=(1,3,4)and Q = (xq, y1, 2, ) is the image of A

Direction ratios of AQ = Direction rations of the plane 2x —y +z + 3 = 0.
=2,-1,1
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Equation of the line AQ through A= (1, 3, 4) withd.rs 2, -1, 1

x—1 y-3 z—4
- = =T Say
2 -1 1

>x=2r+1l,y=-r+3,z=r+4.
LetP=(2r+1,-r+3,r+4)
But the line meets the plane2x —y +z+3 =0
22r+1) - (—r+3)+(r+4)+3=0
6r+6=0=>r=-1
SP=(2(-D)+1,-(-D)+3,(-1)+4) =(-1,4,3)
Clearly P = The mid-pointof A= (1, 3,4) and Q = (x1, ¥1, 21 )

x1+1 y,;+3 z,+4

(-1,4,8) = (2= 22,20y
B sy =-2-1=-3
N2 4>y, =8-3=5
And 22 =3 57 =6-4=2
s Image of AisQ = (-3, 5, 2)
10.Find the image of the point (1,6,3) in the line f = yT_l = 23;2
Solution: A(1,6,3)
P x_yl_z22
1 2 3
VQ

Let A=(1,6,3)and Q= (xq y1, 2, ) is the image of A

Let fz yT_1=Z;—2=rsay >x=r,y=2r+1,z=3r+ 2.
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LetP=(r,2r+13r+2)
Drs. OfAP =r—-1, 2r+1-6,3r+2—-3=r—1, 2r—5,3r—1

A P is perpendicular to the line % — yT_l = 23;2

Slr—=1D)+2(2r=5+4+3(3r—=-1)=0=214r-14=0=>r=1
SP=(r2r+13r+2)=(12(1)+13(1)+2) =(1,35)
But P = (1,3, 5) is the midpoint of A= (1,6, 3) and Q = (x; 1,21 )

X141 Y146 z;+3

= ( 2 P27 2 )
xl—ﬂzlﬁxlzz—lzl
—y12+6:3:>y1=6—6=0
Zl+3:5:>21=10—3=7 s Imageof AisQ=(1,0,7).

11.Find the image of the line x7—1 == Z:—z in the plane 2x +y — 3z — 4 = 0.

Solution:
/ A(1,0,-2)
2,1, -3

|

B P 2x+y—3z—4=0

Q
Let %1:1: %2 =r>x=2r+1,y=-rz=2r—-2
P=02r+1,-r2r-2)
But the line intersects the plane 2x + y -3z -4 =0
L 2@2r+ 1)+ (—r)—-3@2r—-2)—-4=0

4
r+2—r—6r+6—-—4=0 > —3r=—4=>r=§
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P=Qr+1,-r2r-2)=(2(3)+1, —(3), 2(3) - 2)

P=(5.53)

) )

|
w4
wIlN

In the given IinexT_lzllz sz clearly the point A=(1,0, -2)

Now to find the image of the point A =( 1, 0, -2) in the plane
2x+y—3z—4=0
Letitbe Q= (xy,¥1,21)

Direction ratios of AQ = Direction rations of the plane 2x +y — 3z — 4 =

=2,1,-3
Equation of the line AQ through A=(1,0,-2) withd.rs 2, 1, -3

x=1 _y—-0 _ z+2
2 1 -3

=rsay
>x=2r+1,y=r,z=-3r—2.
LetP=(2r+1,r,-3r—2)
But the line meets the plane 2x + y —3z—4 =0
2Qr+1)+(r)—-3(-3r—2)—4=0

14r+4=0=>r=—§
= _2 _2 _3(=%:y_py=(3 2 8
2P=(2(=2)+1,-2,-3(-H-2)=(3,2 . 2)

Clearly P = The mid-pointof A=(1,0,-2)and Q = (x1, y;, 21 )

3 x1+1 y1+0 Z1—2

P(; - —)—( =)
x1+1 :>x1 6_1:_1
2 7 7
+0 —2 -4
3’12 yl__
N
2 7 7 7
s Image of A=(1,0,-2)isQ = (—;,_—:,_—72)

Direction ratios of the line P = ( % ,_—: g ),Q= (—% ,_—:,_—72)

0.
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-1 11 -4 4 -2 2 _-80 16 -20
are - = == =, =

7 3' 7 3 21 21" 21

Equation of the image line through the point Q = ( —% ,_—:,_—72)

1 4 2 1 4 2

xX+= y+= Z+= xX+= y+-  z+=

7 7 7 7 7 7
80 — "16 — —z0 — -
—°v = = —80 16 -20
21 21 21
s, — YT — T
20 —4 5
12.Find the image of the line x: = yl_z = Z_+33 in the plane
3x —3y+10z — 26 = 0.
Solution:
i A(1,2,-3)
3, -3, 1/
B P 3 —3y+10z—-26 = 0.
Q
Let x;1= y1_2= Z_+33 =r=>x=9r+1y=r+2,z=-3r—-3
P=0Or+1,r+2-3r—3)
But the line intersects the plane 3x — 3y + 10z — 26 = 0.
~ 309r+1)—=3(r+2)+10(=3r—3)—26=0.
59

27r +3—-3r—6—-30r—-30—-26=0 = —6T‘=59$r=—?
S P=0Or+1,r+2,-3r—3)

59 59 59
=(O-2)+1,-2+2,-3¢-2) -3)

BSR. MATHS GDC RVPM




—525 —47 159
P:( 6'6'6)

. . x—1 -2 +3
In the given line — =X== =

clearly the point A= (1, 2, -3)

Now to find the image of the point A =( 1, 2, -3) in the plane
3x —3y+10z—-26 = 0.
Letitbe Q=(x1,y1,21)
Direction ratios of AQ = Direction rations of the plane. 3x — 3y + 10z — 26 = 0.
=3,-3,10
Equation of the line AQ through A= (1, 2, -3 ) with d.rs 3, -3, 10

x-1 _y-2 zZ+3 _
——— - = —_—_—-rsay
3 -3 10

>x=3r+1,y=-3r+2,z=10r — 3.
LetP=(3r+1,-3r+2,10r—3)
But the line meets the plane 3x — 3y + 10z — 26 = 0.
~3(3r+1)—3(=3r+2)+10(10r —3) — 26 = 0.
118r—59=0=7r ="
~P=(3r+1,-3r+210r—-3)

(3Q+1L-3Q)+210())-3)=(3,3,2)

Clearly P = The mid-pointof A=(1,2,-3)and Q = (xy y;, 21 )

x1+1 y1+2 Z1_3

5 1 a
P(E’E’Z) = 2 ' 2 ' 2 )

x,+1 _5 1_2_ _8_y
2 2 2
y1+2 — l = yl — _1
2
And 22=2=7 =7 - lImageofAisQ= (4 -1,7)
Direction ratios of the line P = (% ,1’67 ,% ),Q =(4,-1,7)
are 549/6, 41/6, -117/6
Equation of the image line through the point Q = (4,—-1,7)
x-4 _ y+1 _ z-7
549 41 -117
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13.Find the symmetric form of the line 2x + 2y —z—6=0=2x+3y—2z—8

Solution: Z-axis

X-axis

Letl,m,naredrsof theline2x+2y—z—6=0=2x+3y—2z—8

Y-axis

,Lmn

We know that the drs of the plane are normal to the plane and drs of the line lies on the line.

1)+ m(2) + n(=1) = 0 v (1)
And 1(2) + m(3) + n(=1) = 0 —--- @)
To solve (1)& (2) 2 -1 2 2
3 -1 2 3
I _ m n l_m
o3 242 64 1 0 2

Let us project the line in XY-Plane i.e. z=0
The given line can be written as
2x+2y—6=0
2x+3y—8=0
To solve the equations 2 -6 2 2

3 -8 2 3

X y 1 X
= = — 5 - =
—-16+18 —-12+18 6—4 2

=2l:>x=1,y=3&z=0

.. The symmetrical form of the line through (1, 3,0) d.r’'s 1,0, 2 is

x—1 y—-3 z-0
2
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Angle between a line and a plane:

1.If 8 is the angle between a plane ax + by + cz + d = 0and the line x_lxl =
YY1 272 phan
m n
sing = al+bm+cn
"~ VaZ+bZ+cZVIZ+mZ+n?
*a,b,c l,m,n
%0
0 ax+by+cz+d=0

2.A line and a plane are parallel to each other if al + bm 4+ cn =0

. A a b c
and perpendicular if —-=—= —
I m n

3. The line x_lxl = y:nyl :Z_nzl lies in the plane ax + by + cz+d =0
ifand onlyif (i) ax; + by; + cz; +d =0 and (ii) al + bm + cn = 0.
Problems:

1.Show that a line ? :¥ :% lies in the plane 5x 4+ 2y —3z—17 =0

Solution: Now (xq y4,2,) =(2,2,-1)and ,m,n =1,2,3
ax, +by, +cz; +d=52)+2(2)—-3(-1)—-17=10+4+3-17=0
Andal+bm+cecn=51)+22)—-3(3)=5+4-9=0

.. The line lies on the plane

x+1 _ y+2 _ z+5

2.Show that a line T S T o lies in the plane x + 2y —z =10

Solution: Now (xy y4,2,) =(-1,-2,-5)and [,m,n = —1,3,5
ax; + by, +czy +d=(-1)+2(-2)-(-5)=-1-4+5=0
Andal+bm+cecn=1(-1)+23)—-(5)=-14+6-5=0

- The line lies on the plane.

3.Find the angle between the line XT“ % = ? and theplane 3x +y +z=7.

Solution: [, m,n =2,3,6 anda,b, c =3,1,1
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al+bm+cn _ 2(3)+3(1)+6(1) _ 15

Now Sinf = = =
VaZ+b2+c2Vi24m2+n2  V22+32+62V32+12+12 /4911
o 15,15
Sin = — = SIn Ey—
711 711

4. Find the equation of a line through the point (1, 2, 3) and parallel to a line

xX—y+2z=53x+y+z=6

\
/’—> xX—y+2z=53x+y+z=6

Lmn

Solution:

\
AL, 2, 3)

Let [, m,n are direction ratios of the line x —y +2z—-5=0=3x+y+2z—-6

We know the Drs of the plane are normal to the plane

(D) +m(-1)+n2)=0 - (1)
And [(3)+m(1) +n(1) =0 -----mm- (2)
To solve (1) and (2)
-1 2 1 -1
1 1 3 1
L _m__n ,L_m_mn
-1-2 6—1 1-(-1) -3 5 >

.. Equation of the line through the point (1,2,3)with drs — 3,5,2

x—=1 y—-2 z-3
-3 5 2
5. Find the equation of a line through the point (-2, 3, 4) and parallel to a line

2x+3y+4z=5, 3x+4y+5z=6

\
% 2x+3y+4z=5, 3x+4y +52=6

[Lmn

Solution:

\
A(-2,3,4)
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Let [, m,n are direction ratios of the line 2x + 3y +4z =5, 3x +4y+5z=6

We know the Drs of the plane are normal to the plane

1(2)+m3)+n(4) =0 - (1)
And 1(3)+m(4) +n(5) =0 - ()
To solve (1) and (2)
3 4 2 3
4 5 3 4
L m ol _m_
15-16  12-10 8-9 -1 2 -1

. Equation of the line through the point (1,2,3)with drs — 3,5,2

x—1 y—-2 z-3
1 -2 1

6.Find the equation of the plane containing the line

x—3y+2z+3=0= 3x—y+ 2z—- 75 and through the origin.

Solution:

Equation of the plane containing the line x =3y +2z+3=0= 3x—-y+2z-5

= Equation of the plane passes through the intersection of planes
my=x—-3y+2z+3=0
m,=3x—y+2z—-5=0anditis m; +1 m, =0

x—3y+2z+3+A(3x—y+2z—-5)=0------ (1)
But it is passes through origin (0, 0, 0)

0-0+0+3+A(0-0+0-5)=0= A==:

Equation (1) can be written as
x—3y+22+3+§(3x—y+22—5) =0
= 14x— 18y + 16z =0i.e,7x —9y +8z=10
7.Find the equation of the plane containing the line
x—y+3z+5=0= 2x+y—2z+ 6 and through the point (3, 1, 1).
Solution:

Equation of the plane containing the linex —y+3z4+5=0= 2x+y—2z+4+6

= Equation of the plane passes through the intersection of planes
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m=x—y+3z+5=0
m,=2x+y—2z+6=0anditis w; + A m, =0
“x—y+3z4+5 +A2x+y—-2z4+6)=0 ----- (1)
But it is passes through origin (3, 1, 1)
23-14+3)+5+22RB)+1-2(1)+6) =0

—-10
=10+ 1(11) = A= T

Equation (1) can be written as
XxX—y+3z+5 +_Tlf(2x+y—22+6)=0
= —-9x —21y+53z—-5=0

8.Find the equation of the plane containing the parallel lines

x=4 _y-3 _ z-2 x—-3 _ y+2

1 -4 5 1 -4

VA

)

Solution: In the given lines

x-4 y-3 z-2 | x-3 y+2 4
1 -4 5 ' 1 —4 5

Clearly A= (4, 3, 2) B = (3, -2, 0) are the points and the drs are 1, -4, 5

Let a, b, c are direction ratios of the normal line to the required plane.

We know that Equation of a plane passing through P ( x; y1,z; ) and whose
direction ratios of the normal line are a, b, c is

a(x —x;)+bly—y;)+c(z—2)=0.
.. Equation passes through the point A = (4, 3, 2) is
alx—4)+b(y—3)+c(z—2) =0 - Q)
But it passes through the point B = (3, -2, 0)
. a(B3—4)+b(-2-3)+c(0-2)=0
a(-1) +b(=5)+c(-2)=0
a(1)+b(5)+c(2) =0  --mmmmmee- (2)
Also, it is parallel line
x—-4  y-3

1 - -2 2;2 Conditional + bm +cn =0
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. a(1) + b(—4) + ¢(5) = 0 —mrmrmememenes 3)

To solve the Equations (2) and (3) using the method of cross multiplication

5 2 1 5
-4 5 1 -4
a b o
25+8 2-5 —4-5
a b c a b c
—_——=— = — = —_——=— = —
33 -3 -9 11 -1 -3

Put the values in (1)
11(x —4) —1(y—=3)=3(z—-2) =0
11x —y —3z—35 =0 isrequired plane
9.Find the equation of the plane containing the parallel lines

4 -5 -1 -4 5

)

x-3 _ y-2 __z—-4 x+2 'y _ z-3
N 1

Solution: In the given lines

x-3 _ y-2 _ z—4 x+2 _ 'y _ z-3

4 -5 -1
Clearly A= (3, 2, 4) B = (-2, 0, 3) are the points and the drs are 4, -5,-1

-4 5 1

)

Let a, b, c are direction ratios of the normal line to the required plane.

We know that Equation of a plane passing through P ( x; y;, z; ) and whose
direction ratios of the normal line are a, b, c is

a(x —x;)+bly—y;)+c(z—2)=0.
.. Equation passes through the point A = (3, 2, 4) is
alx—3)+b(y—2)+c(z—4) =0 - Q)
But it passes through the point B = (-2, 0, 3)
a(-2—3)+b(0—-2)+c(3—-4)=0
a(=5)+b(-2)+c(-1)=0

a(’)+b2)+c(1) =0  ——mmrmmemee- )
Also, it is parallel line =2 = 2= z=2
4 -5 -1

Conditional + bm+cn =0
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. a(4) + b(=5) + c(—1) = 0 —wmrmememenes 3)

To solve the Equations (2) and (3) using the method of cross multiplication

2 1 5 2
-5 -1 4 -5

a b B c
—24+5 445 —-25-8
a_b _ ¢ a_b _ ¢
3 9 = -33 1 3 -11

Put the values in (1)
1(x—-3)+3(y—2)—-11(z—4) =0
=>x+3y—11z+35=0 IS required plane
10.Find the equation of the plane through the points (2, -1,0) (3, -4, 5)
and parallel to 3x =2y = z.
Solution: Let a, b, ¢ are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and whose direction ratios
of the normal line are a, b, c is

alx—x)+bly—vy,)+c(z—12z)=0.
.. Equation passes through the point (2, 2, 1) is
alx—=2)+bly+1)+c(z—0) =0 --------- (1)
But it passes through the point (3, -4, 5))
a3-2)+b(-4+1)+c(5-0)=0
a(l)+b(-3)+c(5)=0  --mmmmee- (2)

Also, it is parallel to the line3x =2y =z = % = g = g

. a(2) + b3) +c(6) = 0 —=------------- 3)
To solve the Equations (2) and (3) using the method of cross multiplication
-3 5 1 -3
3 6 2 3
a _ b _ c
-18—-15 10-6 3+6
S —
-33 4 9
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Put the values in (1)—33(x—2)+4(y+1)+9(z—0) =0
—33x+4y+9z+70 =0 isrequired plane
11.Find the equation of the plane through the points (1, 0, -1) (3,2, 2)

. -1 -1 -2
and parallel to the line xT =Y = ZT

Solution: Let a, b, ¢ are direction ratios of the normal line to the plane.

We know that Equation of a plane passing through P ( x; y;,z; ) and whose direction ratios
of the normal line are a, b, c is

alx—x)+bly—y,)+c(z—2z)=0.
.. Equation passes through the point (1, 0, -1) is
ax—1)+bly—0+c(z+1) =0 - 1)
But it passes through the point (3, 2, 2)
~aB-1D)+b2-0)+c(2+1)=0

a(2)+b2)+c(3) =0 - (2)
Also, it i parallel to the line *— = X = 22
~a(1)+b(—=2)+c(3) = 0 - (3)
To solve the Equations (2) and (3) using the method of cross multiplication
2 3 2 2
-2 3 1 -2
a b o
6+6 3—-6 —4-2
a b c a b c
—_——=— = — D _—= —_— = —
12 -3 -6 4 -1 -2

Put the valuesin (1) 4(x—1)—-1(y—-0)—-2(z+1) =0

= 4x —y—2z—6=0 Iisrequired plane.
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Coplanar lines:

The given two lines lie in the same plane then we say the lines are coplanar.

T

Line

Coplanar lines

Condition for the two lines

Z—2Zy
= = and = = are coplanar
ll mq nq 12 m; n;

And the equation of the plane containing them is

X—X1Y—V1Z— 2

Problems:
1.Show that lines =2 = X2 = 222, X2 _ Y¥00 _ z22
' -4 7 1’ -3 8 2
are coplanar and find the equation of the plane cotaining them.
Solution: In the given problem points on the lines
A= ( X1, Y1, 23 ) = ( '31'11 4) B= (xZ' Y2, Z3 ) = ( '11 '101 1)
and the d.rs of the lines
ll' ml, Tll = _4’, 7, 1 and lz, mz,nz = _3, 8,2

Now condition for coplanar lines
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X2 = X1 Y2 =Y1 22— 21 -1+3 -10+11-4

Ly m nq —4 7 1
LHS = 1 =
L, m, n, -3 8 2
2 -9 -3
—4 7 1

_3 g 5 | = 2(14 - 8) + 9( -8 + 3) -3(-32 +21)
=12-45+33=0=RHS
.. The lines are coplanar

Equation of the plane

x+3 y+1 z—-4
—4 7 1]=0
-3 8 2

>x+3)(14-8)—-(y+1)(-8+3)+(z—4)(—-32+21)=0
>6(x+3)+5(@y+1)—-11(z—4) =0
=6x+5y—11z+67 =0

. x+2 -1 z—2 x—3 -2 z+1
2.Show that lines =X - = ; = Y2 _
3 2 -1 -2 1 2

are coplanar and find the equation of the plane cotaining them.

Solution: In the given problem points on the lines
A=(x1, ¥1, z1) =(-21,2) B=(x2, ¥2, 2z2) =(3,2,-1)
and the d.rs of the lines
ll' mq,ng = 3, 2,_1 and lz,mz,nz = _2,1,2

Now condition for coplanar lines

BSR. MATHS GDC RVPM




Hs=| 2 om M
L, m, n;
5 1 -3
_ 3 2 1

= T, =504+ 1)-1(6-2)-33+ 4)

=25-4-21=0=RHS
.. The lines are coplanar

Equation of the plane

[
1 my nq —0
L m, n;
x+2 y—1 z-2
3 2 —1(=0

—2 1 2
>x+2)d+1D)-@-D6-2)+=Z-2)3+4)=0
>5(x+2)-4y-1)+7(z-2)=0
= 5x—4y+7z=0.

3.Show that the lines

xT_l = % = ? ; xT_Z = ? = ? are coplanar and find the points of intersection
and the plane containing them.
Solution: Leth_lz yT_Zz ?zr >x=2r+1,y=3r+2,z=4r+3

Let P=(2r+1,3r+ 2,4r + 3)
x—2 y—-3 z—-4 , . . .
and 3 = 2 = z =r =>x=3r +2,y=4r +3,z=5r +4

Let Q = (3r' 4+ 2,4r" + 3,5r" + 4)

If the lines are intersected then P = Q

> (2r+1,3r+2,4r+3) = 3r'+2,4r' + 3,51r" + 4) Q

2r+1=3r"+2= 2r—-3r"—1=0 - (1)
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3r+2=4r +3=23r—4r —1=

4r+3=5r"+4=24r—-55"-1=0 - (3)
To solve (1) & (2)
-3 -1 2 -3
-4 -1 3 -4
3i4=—;-2=—81+9 _L1=j—'1=%:>r=—1andr’=—1

Put the values in (3) LHS =4r —5r'—1=4(-1) -5(-1)—1=0

~. The lines are intersection

Point of intersection
P=(2r+1,3r+2,4r+3)=Q21D+13(-1)+24(-1)+3)=(-1,-1,-1)

Equation of the plane
X=X Y=V Z2— 2

x—1 y—2 z-3

= 2 3 4
3 4 5

>x-1)(A5-16)—-(y—2)(10-12)+(z—-3)(8—9) =0
>-1x—-1)+2(y-2)—-1(z-3)=0
>—x+2y—z=0=>x—-2y+z=0

=0

4.Show that the lines
x—4 y+3

x=1 __ y+1 _ z+10 _ _
2 -3 8 ' 1 -4
intersection and the plane containing them.

21 are coplanar and find the points of

Solution:

Letx__]': y_+1: Z+10:T =>x=2T+1,y=—3T—1»Z:8r_10
2 -3 8

Let P=(2r+1,-3r—1,8r —10)
x—4 y+3 z+1 , , , ,
and 1 = > = 7 =r =>x=r +4y=—4r —-3,z=7r —1

LetQ=("+4,—4r"—3,7r' = 1)
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If the lines are intersected then P = Q

= (2r+1,-3r—1,8r—10) = (r'+4,—4r'-3,7r' = 1) Q
2r+l1l=r'"+4= 2r—r'—3 =0 - (1)
—3r—1= —4r =3=>-3r+4r' +2=0 - (2)
8r—10=7r —1=28r—7r —9 =0 - (3)
To solve (1) & (2)
-1 -3 2 -1
4 2 -3 4
r = rl: ! $L=ﬂ=l$r22andr’:1
-2412  9-4  8-3 10 5 5

Put the values in (3) LHS =8r — 7r' — 9 = 8(2) — 7(1) — 9 = 0=RHS

- The lines are intersection

Point of intersection
Q=0"4+4,-4r"=3,7r'=1)=Q=(1+4-4(1)-3,7(1) = 1)=(5, -7, 6)

Equation of the plane

X—=X1 Y=V 2~ 2
Ly my ng -0
L, m, n;
x—4 y+3 z+1
= |2 -3 8 [=0
1 — 4 7

>x-4)(-21+32)-(y+3)(14-8)+(=+1)(-8+3)=0
=>11(x—4)—-6(y+3)—-5(z+1)=0
=211x—-—6y—-—5z2—-67=0

5.Showthatthelinesi11= yT+1: %andx+2y+32—8=0=2x+3y+4z—11

are intersecting. Find the point of contact and the plane containing them.
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Solution: e et
P
x+2y+3z—8=0=2x+3y+4z—11
Letx—1’1= yT+1= %:r >x=r—-1y=2r—1,z=3r-1

AndletP=(r—-1,2r—1,3r — 1)

If the lines are intersecting P liesonthe line x + 2y +3z—-8=0=2x+ 3y + 4z—- 11
x+2y+3z-8=0=>0-1)+22r-1)+3@Br—-1)—-8=0

14r—14=0=>r=1

NowP=(r—-1,2r—13r—1)=(1-1,2-13-1)=(0,1, 2)

Put this point in the second plane 2x + 3y +4z—-11=10

LHS=2x+3y+4z—11=2(0)+3(1)+4(2)— 11 =0 =RHS

.. The lines are intersecting at P (0,1, 2)

Equation of the plane containing the line x + 2y +3z—-8=0=2x+3y +4z—11is

x+2y+3z—8+A(2x+3y+4z—11) =0 ---—----- (1)
1+2)x+2+3D)y+3+41)z—-(8+111) =0

But the line % = yTH = % lies on the plane
S22+ 243D+ B+40)B) =0

14+20A=0=> A= I—g put the value in (1)

-7
x+2y+3z—-8+ E(2x+3y+4z—11)=0

—4x—y+2y—-3=0=>4x+y—-2y+3=0
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Shortest Distance:

Shortest distance is the least distance between the two lines and it is the
perpendicular line to given lines.

90 > Line 1
SD line
Line 2

90

1.The Length of the shortest distance between the lines

1(xz —x1) + m(y, —y1) + n(z, — z)
where [, m,n are direction cosines of the SD line.

And Equation of SD line is

X—=X1 Y—=Y1Z2Z— 2 X=X Y —Y2 Z2— 2,
L mq ny 0 L, ms, n; 0
[ m n [ m n

2.1f the shortest distance of the lines is 0 then the lines are coplanar.

Problems:1. Find the Length of SD between the lines

xX—2 y+1
d ===

an =
1 -2

x-1_y+2 _ 273 z-1
2 -1 - 1
Solution: Given lines are

and

x-1_ y+2 _ z-3
2 -

x-2 _y+1 _ z-1
-1 1

1 -2
Let (x1, ¥1, z1) =(1-23) B=(xy, y2, 22) =(2,-11)

and the d.rs of the lines
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l,m,n=2,-1,-2 and I[,,m,n,=1,-2,1
Suppose [, m,n are direction cosines of the SD line .

Since the SD line is perpendicular to given lines

x-1_y+2 _ z-3
2 -

-1

JU

I,Lmn

90/

/ x=2 _y+1 _ z-1
1 -2 1

~ Condition for perpendicular lines l; l, + mym, + nyn, =0
12) + m(=1)+n(-2) =0 ---------- (1)
(1) + m(=2) + n(1) =0 ------------- (2)

To solve (1) & (2)

—1 -2 2 -1

—2 1 1 -2
l m n l m n l m n
= = > —m==—= 4 —-=—= -
-1-4 -2-2 —44+1 -5 —4 -3 5 4 3

Also V52 +42 +32 = 25+ 16+ 9 =+/50 =5V2

_ 3

— 5 A — >
T2 M T " T
Length of SD = 1(x, — x1) + m(y, — y,) + n(z, — z;)

!

5 4 3

:5—\/5(2 -1) +5—\/§(—1 + 2) +ﬁ(1 —3)
5 4 3 3

e Wi WHsp(2= 55

Problems:2. Find the Length of SD between the lines

xX—2 -3 z-1 xX—4 -5 z—-2
=2 and == =2 —
3 4 2 4 5 3

Solution: Given lines are

x=2 _
3
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Let (xq, y1, z1) =(2,3,1) B=(x, ¥, 2z,) =(4,5,2)
and the d.rs of the lines
l,m,n, =3,42 and [,,m,,n,= 4,573
Suppose [, m,n are direction cosines of the SD line .

Since the SD line is perpendicular to given lines

x-2 _y-3 _ z-1
3 4 2
90
I,Lmn
90 xo4_y-S _ z72

/ ! ’ ’

~ Condition for perpendicular lines l; l, + mym, + nyn, =0
I3)+m#4) +n(2)=0 - (1)
[(4) + m(5) +n(3) = 0 ------------- (2)

To solve (1) & (2)

l m n
= = = P e S—
12-10 8-9 15-16 2 -1 -1
Also /22 + (-1)2+ (-1)2 = VA +1+1 =6
=2 ,m=22 n=2

T TV
Length of SD = 1(x, — x1) + m(y, — y,) + n(z, — z;)
2 -1 -1
=—6(4—3) +\/_g(5 —4) +\/_g(2_ 1)
2

~1 ~1
== +\/—g(1) +\/—g(1) =0

Problems:3. Find the Length of SD between the lines

x—1 y=2 z—-3 x—=2 y—4
2

=Y2 = 258 gpd 22 =220 = 222 g0 find the equation of SD
3 4 3 4 5
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Solution: Given lines are

x;lzy—2=2—3 andE:y—él ﬁ
2 3 4 3 4 5
Let(le Y1, Zl) =(1! 2’ 3) Bz(xZI Y2, ZZ) =(2! 4! 5)
and the d.rs of the lines
ll,ml,nl = 2,3,4‘ and lz,mz,nz = 3,4,5
Suppose [, m,n are direction cosines of the SD line .
Since the SD line is perpendicular to given lines
x-1_y-2 z-3
2 4

3

JU

I,Lmn

X2 _y-4_ 275
/90 L 5
~ Condition for perpendicular lines l; I, + mym, + nn, =0
1(2) + m(3) + n(4) = 0 -emememeee (1)

1(3) + m(4) + n(5) = 0 —------------ (2)
To solve (1) & (2)

= = — D _—=
15-16 12-10 8-9 -1

Also \/(-D2+22+ (-1)2 =VI+4+1 =6

l m n l m n
2

e
Ve Ve T Ve

Lengthof SD = I(x, — x;) + m(y, —y,) + n(z, — z;)

l

=2Q-D+=Gt-2)+2(5-3)

2o+l @+2@=1
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Equation of SD line is

X—X1 Y=V Z— 2 X=X Y —Y2 Z2— 2
L mq n 0 L, ms n;
[ m n [ m n

x—1 y—2 z-3
= 2 3 41=0=
-1 2 -1

5x-1D(3-8)-W-2)(-2+4)+(z—-3)4+3)=0
=(x—-2)(-4-10)—-(y—4)(-3+5)+ (z—-5)(6+4)
=@ -DE1) - -2)@)+(z-3)(7)=0
=x -1 -0 -D@) + (z-510)
>11x+2y—-7z2+6=0=7x+y—5z+7

Problems:4. Find the Length of SD between the lines

=2 =2 and xg;z = y—_; = ? also find the equation of SD

2 -3

=
|

Solution: Given lines are
=X = ; and %:_: —
Let (x1, y1, z21) =(0,0,0) B=(xz y2 22) =(2,1,-2)
and the d.rs of the lines
l,m,n, =2,-3,1 and l,,myyn, = 3,-5 2
Suppose [, m,n are direction cosines of the SD line .

Since the SD line is perpendicular to given lines

N R

x-2 _y-1 _ ﬂ
90 /3__5 =z
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~ Condition for perpendicular lines l; l, + mym, + nyn, =0
1(2) +m(=3)+n(1) =0 ----------- (1)
1(3) + m(=5) + n(2) = 0 ------------- (2)

To solve (1) & (2)

l m n l m n l
= — = = —_—=—= — = -
—6+5 3—4 -10+9 -1 -1 -1 1

Also V12 + 12+ 12 =+/3

!

1 1
~EMEE " E
Length of SD = I(x; — x;) + m(y, —y;) + n(z, — z;)
1 1 1
_E(2—0)+§(1—0)+ﬁ(—2—0)
- L L L(—n=2L

Equation of SD line is

X—=X1Y—V1Z2—7 X=X Y=Y Z— 23

L mq ny 0 L, ms, n;

X y z c
> |2 -3 1]=0= 13_121
1 1 1

>x(-3-1)-y2-1)+z(2+3)=0
=x-2)(-5-2)-@-1)B-2)+(=+2)3+5)
>x(—4)—y(1)+2z(5)=0
=(x-2)=7D - -DD)+(z+2)(8)
=24x+y—-5z2=0=7x+y—8z—-31
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Problem:5 Find the Length of SD between the lines

-3 -8 -3 +3 +7 -6 . .
X3 _y=8 _ ZT and "_—3 yT = ZT also find the equation of

3 -1
SDand the points in which the SD line meets the given lines.

<

Solution: Let % Y8

=== ?21’ >x=3r+3, y=-r+8, z=r+3

PutP=@r+3, —r+8, r+3)

x+3 _y+7 _ z—-6

= :r’ﬁx:—37"—3,}/:27”,—7,2:47',"'6
-3 2 4

PutQ=(-3r"—3,2r' —7,4r' + 6)
Drs of the SD line PQ

=3r+3+3r'+3, —r+8-2r"+7, r+3—-4r'"—-6
=3r+3r'+6,—r—2r"+15,r—4r' — 3
But SD line PQ is perpendicular to given lines

x—3 _y-8  z-3 x+3 _y+7  z—6
= = and = =
3 -1 1 -3 2 4

~ Condition for perpendicular lines l; I, + mym, + nn, =0
33r+3r'+6)—1(—r—-2r'+15)+1(r—4r'-3) =0
11r + 7r' = 0 -—--—-—---- (1)
And-3(3r+3r'+6)+ 2(—r—2r"+15)+4(r—4r'—3) =0
7r + 291" = 0 ----------- (2)
Clearly to solve (1)&(2) r = 0and r' =0

~P=(3,8,3) and Q = (-3, -7, 6) are the point of intersections of the
given lines.

Length of SD =/ (=3 —3)2 + (=7 — 8)2 + (6 — 3)2
=36 + 225 + 9 =270

Drsof PQ=3r+3r'"+6,—r —2r'+ 15,r — 4r' — 3 =6, 15, -3
Equation of SD line *2=22_ 23 x5 _»8_ 75
6 15 -1

Problem:6 Find the Length of SD between the lines

-3 -5 -7 +1 +1 +1 . .
== =">= "= and ~—=>—= “— also find the equation of

SDand the points in which the SD line meets the given lines.
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. -3 -7
Solution: Let xT === ZT =r

PutP=(r+3, =2r+5,r+7)

1 1 1 ! ! ! 1A
G 1y =6 12y

PtQ=(-7r'—1,—6r'—5r' —1)

Drs of the SD line PQ

=r+3+7r'+1, —2r+5+6r'+1, r+7—-r"+1
=r+7r'+4,-2r+6r'+6,r—r'+8

But SD line PQ is perpendicular to given lines

XT3 _y75 _ 277 g Moyl ozt
1 -2 1 7 -6 1
~ Condition for perpendicular lines l; I, + mym, +nyn, =0

1r+7r'+4)—-2(-2r+6r'+6)+1(r—r"+8) =0

or—6r'=0=>r—1r'=0 -----—---- (1)
And7(r+7r'+4)—6(-2r+6r'+6)+1(r—r"+8) =0
20r +12r' =0=5r + 3r' = 0 --—-------- (2)

Clearlytosolve (1) & (2)r=0andr' =0

~P=(3,57) and Q = (-1, -1, -1) are the point of intersections of the
given lines.

Length of SD =/(3 + 1)2 + (5 + 1)% + (7 + 1)2

=16 + 36 + 64 =116 =V4 x 29 = 2+/29
Drsof PQ==r+7r'"+4,-2r+6r'+6,r—r'+8=14,6,8

Equation of SD line

x__3 = y_—5 — ﬂ => E et E z-7
4 6 8 2 3
Problem:7. Find the SD and the equation of SD line between the lines

222 = 25y -2y —32+6=0=x—3y+2z-3.
Solution: First to find the symmetric form of the line
S5x—2y—3z+6=0=x—3y +2z— 3 ---------- (1)

Let [,m,n are drs of the line(1)
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~5l-2m-3n=0 ------ (2) &
[ —3m+2n =0 - 3)
To solve (2)&(3) -2 -3 5 -2
-3 2 1 -3

l m n l m n l m n
= = = = = =5 - = — = —
—4-9 —-3-10 —1542 -13 -13 -13 1 1 1
Putz =0 in (1) we get 5x—2y+6=0
x—3y—3=0
-2 6 5 -2
-3 -3 1 -3
x oy _ 1 _x_y__t_ 2= 2
6+18 6+15 —15+2 24 21  —13 T YT 7

H - +24/13 +21/13 -0
Symmetric form of the line = 1/ _ y+21/13 _ z

1 1
Finally, to find length of SD between

X+24/13 _ y+21/13 _ z—0
1 - 1 1

)

y+1 _ z-2
2

Let(xq, y1, z1) =(0,-1,2) B=(x,, yy zy) =(-24/13,-21/13, 0)
and the d.rs of the lines

I, m,n; =4,3,2 and lb,m,n,=1,1,1
Suppose [,m,n are direction cosines of the SD line .

Since the SD line is perpendicular to given lines

x _y+1l  z-2
2

IU

L mn

A/B _ y+21/13 _ z-0
/90 1 11

=~ Condition for perpendicular lines l; l, + mym, + nyn, =0

[(4) + m(3) +n(2) = 0 =wmememes (1)
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(1) + m(1) + n(1) = 0 ------------- 2)
To solve (1) & (2)

l
3-2 2—4 4-3 1 -2

Also J(DZ+ (=2)2+(1)2 = VI+4+1 =6

l m=—, n=—

-1
==, =
Length of SD = I(x, — x1) + m(y, — y,) + n(z, — z;)

1 -2 1
= =(24/13 -0 + =(-21/13 - D + =(0 - 2)

1 24 2 —-34 1 66
-5 -5(H)-7@=5%
Equation of SD line is
X—=X1 Y—=Y1Z— 2 X=X Y —Y2 Z2— 2

ll mq ny 0 l2 m; n2
[ m n [ m n

x y+1 z-2 x+24/13 y+21/13 =z
= |4 3 2 |=0= 1 -2 1
1 1 1 1 1 1

>xB-2)-@+1D)A4-2)+(=—-2)4-3)=0
24 21
=(x+2)(—2-D-(y+3)A-D+ @D +2)
=>x—2y+z—4=0=13x+39z—-72
Problem:8. Find the SD and the equation of SD line between the lines
T=2=Six+y+22-3=0=2x+3y+3z—4

2

Solution: First to find the symmetric form of the line
xX+y+2z-3=0=2x+3y+3z—4---------- (1)
Let [,m,n are drs of the line(1)
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slym42n=0 e (2) &
2l+3m+3n=0 -------- (3)
To solve (2)&(3) 1 2 1 1
3 3 2 3

l m n l m n
= = =5 — = — = —
3—6 4-3 3—-2 -3 1 1
Putz=0in (1) we get x+y—3=0
2x+3y—4=0
1 -3 1 1
3 -4 2 3
1 1
X - Y _ zf:i:—:ox=5,y=—22=0
—4+49 —6+4 3—-2 5 -2 1
. - -5 2 -0
Symmetric form of the line x_3 =ler =Z1

Finally, to find length of SD between

_z, x—5_y+2_z—0

-3 1 1

L—
1 2

Let (xq, ¥y1, z1) =(0,0,0) B=(x3, y2, 22) =(5,-2,0)
and the d.rs of the lines

l,m,n; =1,2,1 and lb,m,n, = -3,1,1
Suppose [,m,n are direction cosines of the SD line .

Since the SD line is perpendicular to given lines

X_Yy _ Z
1 2

90 = =
/ -3 1 1
=~ Condition for perpendicular lines l; I, + mym, + nyn, =0

[(1) + m(2) + n(1) = 0 —wmemeees (1)
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I(=3) +m(1) +n(1) = 0 ------------- 2
To solve (1) & (2)

l m n l m n
= = > —=—= -
2—1 -3-1 1+6 1 -4 7
Also /(1)2+ (—4)2 + (7)2 = V1 +16 +49 =66
1 -4 7

= ™= "T e

Length of SD = I(x, — x1) + m(y, — y,) + n(z, — z;)
1 -4 7
=\/’%(5 — 0) +\/?(_2 — 0) +\/%(0 — 0)

1 4 1 13
TP T w0 =5

Equation of SD line is

X—=X1Y—V1Z—7

L mq no|_ 0= L, my n;
[ m n [ m n
X y z x—=5 y+2 z
= 1 2 1=0=| -3 1 1
1 -4 7 1 —4 7

=>x(1444) —y(7 -1 +2(-4—-2) =0
=x-5T+4)-@+2)(-21-1D+@)(12-1)
= 18x — 6y — 6z = 0 = 13x + 22y + 11z — 21

Problem 9: Show that the equation to the plane containing the line
=1,y=0is

X
a

aIN

%+§ =1,x =0 and parallel to the line

2_Y2_Z11=0 andif2disthe SD Then prove that

c
1 1 1 1
_— ==t — 4 —
dz a? b? c?
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Solution: po 1,y=0

|

aIN

+-=1,x=0

Consider Equation of the plane containing the line

24+Z=1,x=0is Z4+Z-1+Ax =0
b c b c

Y41Z2_ 1 =0 cmommmmee
Ax+2+-—-1=0 (1)
. X z X—a zZ
And the parallel I|ne;—;—1,y—0=>7_ Sy =o0
=== )

Drs of the line= a, 0, c

Since (2) is parallel to the plane (1) condition al + bm +cn =0
1 1 -1
" a(l)+0(;)+c(z) =0=>al+1=0=>1=—
Put the value in (1)
—1 y_z — x_Y_zZ — (0 —ememe-
(C)x+,—=—-1=0= ~—2—--41=0 3)
Given that 2d = The SD Between the given lines

= the perpendicular distance from the point (a, 0, 0) and is on the

ineX_%_Y0_z
line —="=-to the plane(3)
sgolazhmetl o 1

Squaring on both sides and apply cross multiplication

1 1 1 1
— = — 4 =
d? a? b? c?
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The Sphere
B. Srinivasa Rao. Lecturer in Mathematics. GDC RVPM
Definition:

The set of points in 3D-space which are at a constant distance ‘r’ from a fixed-point C is
called a sphere.The fixed point is called Centre and the constant distance is called Radius of
the sphere S.

Note:1. If the radius of the sphere is one unit, then it is called unit sphere.

Note:2. If the radius of the sphere is zero then it is called point sphere.

Formulas:

1.Equation of a sphere whose radius is r and centre at A= (a, b, c) is
(x—a)+@y-b)?+(z—-c)>=1r?

2. Equation of a sphere whose radius is r and centre at origin is

x2+y?+2z2=r?
3.The general equation of a sphere is of the form

x2+y%+ 2% +2ux + 2vy + 2wz +d = 0.

Centre of the sphere C = (—u, —v, —w) and the radius r = Vu? + v2+w? — d
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4.1f apoint P = (x1 y4, 2, ) lies on the sphere
x%+y? + 2%+ 2ux + 2vy + 2wz + d = 0 then
X2+ y1% + 2% + 2ux, + 2vz, + 2wz, +d = 0.
5.1f the two or more spheres having the same centre, then the spheres are concentric spheres.
Problems:
1.Find the equation of a sphere whose centre at (2, -1,3) and the radius 5 units.
Solution: Equation of a sphere whose radius is r and centre at A= (a, b, c) is
(x—a)+@y-b)?+(z—c)> =12
In this problem A = (2, -1, 3) and r = 5 units
(x—2)2+ @+ 12+ (z-3)?= 52
(x2—4x+4)+ > +2y+ 1)+ (z2—6y+9) =25

= x2+y2+z2—4x+2y—6z—11=0.

2.Find the equation of a sphere whose centre at (2, -3,4) and which passes through the
point (1, 2, -1)
Solution: Equation of a sphere whose radius is r and centre at A= (a, b, ¢) is
(x—a)+@y-b)?+(z—c)>=1r?
In this problem centre A = (2, -3, 4) radius is r
(x—2)2+@+3)32+@Z-4)*=r>———-(1)
But it passes through (1, 2, -1)
(1-22+Q2+3)*+(-1—-4)2=r?
= 14+25+25=r?=r?2 =51
1> (x*—4x+4)+@*+6y+9)+ (z2 -8y +16) =51

= x2+y?2+2z2—4x+6y—8z—22=0.
3.Find the centre and radius of the sphere x* + y? + z2 — 6x + 2y — 4z + 14 = 0.
Solution: In the given equation of the sphere x2 + y? + z?2 — 6x + 2y — 4z + 14 = 0.

2u=—-6=>u=-3. 2v=2=2v=12w=—4>5w= —-2&d=14
~Centre=C=(—u,—v,—w) = (3,-1,2)

Radiusr = VuZ + vZ+wZz —d = /(-3)2+ (1)2+(-2)2—14=/9+1+4—-14 =0
4.Find the centre and radius of the sphere 2x? + 2y% + 2z2 — 2x + 4y + 2z + 1= 0.

Solution: In the given equation of the sphere 2x? + 2y? + 2z2 —2x + 4y + 2z + 1 = 0.
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>x2+y2+z2—x+2y+z+1/2=0.
2u=-1=su=-1/2. 2v=2=v=12w=1=>w=1/2&d=1/2
~Centre=C=(—u,—v,—w) =(1/2,-1,-1/2)

Radius r = Vu? + v2+w?2 —d

= J(-1/2)2 + ()2+(1/2)2 - 1/2=/1/4+ 1+ 1/4—1/2 =1 =1unit.
5.Find the equation of a sphere concentric with the sphere

x*> +y? + 2% — 6x + 2y — 4z + 14 = 0 having radius 6 units.
Solution: Centre of the sphere x% + y% + 2% —6x + 2y —4z+ 14 =0 is(3,-1,2)
.. Equation of the concentric sphere centre (3, -1, 2) and radius 3 units is

(x=3)2+@+1%+(z-2)*= 62

(x2—6x+9)+ (> +2y+1)+(z2—4y+4) =36
= x2+y2+z2—6x+2y—4z—-22=0.
6. Find the equation of a sphere concentric with the sphere
x* +y? +z% — 2x + 4y — 6z + 7 = 0 having radius 3 units.
Solution: Centre of the sphere x? + y2 +z2 —2x+4y—6z+7 =0 is (1,-2,3)
.. Equation of the concentric sphere centre (1, -2, 3) and radius 3 units is
(x—1D2+(@y+2)2+(=z-3)?%= 32
(x2=2x+1D)+@*+4y+4)+(z2—-6y+9)=9
> x2+y2+2z22-2x+4y—6z+5=0.
7.Find the equation of the sphere through the point (0, 0, 0) and making intercepts
a, b, c.
Solution: Suppose the equation of the sphere
x2+y?+z2+2ux+2vy+2wz+d =0 --—--- (1)
But it passes through the points (0, 0,0) and A (a, 0, 0) B (0, b, 0) C (0, 0, ¢)
-~ 1f (0, 0,0) lies on the spherethen0+0+0+0+0+d=0=>d=0
And if (a, 0,0) lies on the sphere then
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a’+ 0% + 0% + 2ua + 2v(0) + 2w(0) +d = 0
= a*+2ua+0=0=> u= ——Z

Similarly, if we put the points B (0, b, 0) C (0, 0, ¢)

Put the values in (1) x2 + y? + z2 +2(——Z)x+2(——§)y+2(——:)z+0 =0
= x24+y?+z2—ax—by—cz=0.

Note: The centre of the above sphere (—Z,—Z,—;) and Radius% a? + b? + c?

8.Find the equation of the sphere through the points (4, -1,2) (0, -2,3) (1,5, -1) (2,0,1).
Solution: Suppose the equation of the required sphere
x2+y2+z22+2ux+2vy+2wz+d =0 ------ (D
But it passes through the points A(4, -1,2)B (0,-2,3)C (1,5,-1)D (2,0,1)
For the first point A (4, -1,2)
42+ (=12 + 224+ 2u(4) + 2v(-1)+2w(2)+d =0
16+1+4+8u—-2v+4w+d=0
Bu—2v+4w +d = —21 ------ (2)

PutB (0,-2,3) in (1) 0% + (=2)% + 32 + 2u(0) + 2v(—-2) + 2w(3)+d =0
0+4+9+0—-4v+6w+d=0
—4v+6w+d=—-13-------- 3)

PutC (1,5,-1)in (1) 12+ (5)?+ (—1)?+ 2u(1) + 2v(5) + 2w(-1)+d =0
1+25+1+4+2u+10v—-2w+d=0
2u+10v — 2w +d = =27 ------- (4)

PutD (2,0,1)in (1) 22+ (0)% + (1)? +2u(2) + 2v(0) + 2w(1) +d =0

44+0+1+4u+0+2w+d=0
du+2w+d=-5 ------- (5)
First to eliminate all d’" in (1)(2)(3) & (4)
2)-B)=>8u+2v—-2w=-8=4ut+v—-—w=—4 - (6)

2)-4)=6u—-12v+ew=6=2u—-2v+w=1 -----mmmm- (7)
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@2)-G)=4u—-2v+2w=-1622u—v+w=—8-----—--- (8)

Next to eliminate w,
(6)+ (7)) ®>5u—v=—3 -----mmm- 9)

6)+B)= 6u=-12 = u= -2
Put thevaluein (9) 5(-2) —v=-3=2>-v=-34+10=7 =2 v= -7
put u= —2&v= -7 in(7)
—2-2(-7)+w=1=>-24+14+w=1=>w=-11
from(5) du+2w+d=-5 =2 4(-2)+2(-11)+d=-5=d=25
.. The equation of the required sphere (1)

x2+y?+z2+2ux+2vy+2wz+d =0
x2+y24+22+2(=-2)x+2(=-7)y+2(-11)z+25=0
x2+y?+2z2—4x— 14y —222+25=0

9.Find the equation of the sphere through the points (1, -3, 4) (1, -5, 2) (1, -3, 0) and the
centre lies on the planex+y +z = 0.

Solution: Suppose the equation of the required sphere
x2+y2+ 22+ 2ux+2vy+2wz+d =0 ------ (D
But it passes through the points (1, -3,4) (1,-5,2) (1,-3,0)
For the first point (1, -3, 4)
124 (-3)2+ 42 + 2u(1) + 2v(-3) + 2w(4) +d =0
1+9+16+2u—6v+8w+d=0
2u—6v+8w+d=—-26------ (2)
Put (1,-5,2) in (1) 124 (=5)% + 2% + 2u(1) + 2v(-5) +2w(2) +d =0
14+254+44+2u—-10v+4w+d =0
2u—10v+4w +d = =30 -------- 3)
Put(1,-3,0) in (1) 12+ (=3)2+ (0)2 + 2u(1) + 2v(=3) + 2w(0) +d = 0
1+9+0+2u—6v—-0+d=0
2u—6v+d=-10 ------- (4)

And the centre (—u, —v, —w)lies on the plane x + y+z =0
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c—u—v—w=0=2u+v+w=0 -------- (5)
First to eliminate all d’ in (1)(2)(3) & (4)
2)-Q)=w+dw=4=2v+w=1 - (6)
2)-4)=>8w=-16=>w= -2

From(5) & (6) u+1=0 2u=-1
From O)u+v+w=0=> -14+v+(-2)=0>v=3

From (4) 2u—6v+d=-10 22(-1)-6(3)+d=-10=>d =10

~. The equation of the required sphere x? + y? + z% + 2ux + 2vy + 2wz +d = 0
x2+y2+z22+2(-Dx+2@)y+2(-2)z+10=0
x2+y?+2z2-2x+6y—4z+10=0
10.Find the equation of the sphere through the points (1, 0,0) (0, 1, 0) (0,0, 1) and
having the least radius.
Solution: Suppose the equation of the required sphere
x2+y?+z2+2ux+2vy+2wz+d =0 ------ (D
But it passes through the points (1, 0,0) (0,1, 0) (0,0, 1)
12 4+ 0%+ 0% + 2u(1) + 2v(0) + 2w(0) +d =0

(d+1)
2

1+2u+d=0 = u=-

Similarly for the remaining points (0,1,0) (0,0,1)
d+1 d+1
__@+n o @+

2 2

Given that the sphere having least radius

Radius r = Vu? + v2+w? —d

T e P
2 2

2 2

2 2
= ’3(d1—1) —d:>r2=3(d11) _d

Let f(d) =2 g

6(d+1)
4

f(d) = —land f'(d)=2-0=2>0

B. Srinivasa Rao. GDC RVPM




’ _6(d+1)_ . _ _ 1 w1\ _3
If f'(d)=—, 1=0=>3(d+1)=4 >d= 3alsof( 3)_2>0
LAt d = —3l the sphere has least radius
1 2
Nowuz—wzuz—w:—g =t =21
2 2 2 3 3
. 1 1
Similarly,v=—-— & w=-—
3 3

Hence equation of the required sphere x? + y? + z% + 2ux + 2vy + 2wz +d = 0
x4y + 22 42—+ 2(— )y +2(—5)z+ (—5) =0
3(x2+y2+2z8)—-2(x+y+2)—1=0
11.A plane passes through the fixed point (a, b, c). Show that the foot of the
perpendicular from origin to the plane lies on the sphere
x> +y2+z>—ax—by—cz=0.
Solution: 0(0,0,0)

P(x,y,z)L_— A(ab,c)

Let P=(x, y, z) is the foot of the perpendicular from 0(0,0,0) to the plane.
But the plane passes through A(a, b, ¢).
Direction ratios of OP= x -0,y —0,z—0=x,y,z
And the direction ratiosof AP=x —a,y — b,z —
But OP and AP are perpendicular
“x(x—a)+y(y—b)+z(z—c)

=>x2 +y2+2z%2—ax — by —cz = 0is the locus of foot of the perpendicular
P=(x7y,2)

12. A plane passes through the fixed point (a, b, ¢). and intersects the axes in A, B, C.

Show that the centre of the sphere OABC lies on g + 5 + E = 2.

Y
B

whose intercepts are A = («,0,0) B = (0,5,0) and C = (0,0,y)

Solution: Let the equation of the plane % + =+ % =1

But it passes through the fixed point (a, b, ¢)
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We know that the equation of a sphere through
0(0,0,0)A=(,0,0) B=1(0,8,0)and C = (0,0,y) is
x2+y?+2z2—ax—fy—yz=0.
Centre of the sphere P = (—Z,—f,—g) = (X1, Y1,71)

=>—3=X1=>a=2x1 —§=y1=>ﬁ=2y1and—)2/=zl=>y=221

Putthevaluesin(l)%+ %4—%:1 = xi_|_ y£_|_z_=2
1 1 1 1 1 1

Hence the locus of the centre P(xy, y;, ;) is % + s + 2 =2

13.A sphere of constant radius k passes through origin and intersects the coordinate
axes in A, B, C. Prove that the centroid of the A ABC lies on the sphere
9( x% + y?* + z%) = 4k?
Solution: We know that the equation of a sphere through
0(0,0,0)A=(a,0,0) B=(0,8,0)and C = (0,0,y) is

x2+y2+z2—ax—By—yz=0

N AN

Centre = (—Z, ,—)2/)

Radius r =% a?+ B2 +y? = k (Given)

Squaring on both sides a? + B2 + y? = 4k? ---------- (1)

a+04+0 04840 0+0+y
3 ) 3 ) 3 ) = (xl' yllzl) Say

Now the centroid of the AABC = (

a=3x; B=3n v=3z
Put the values in (1) (3x;,)% + (3y1)* + (321)% = 4k?
= 9x,% +9y,% +9z,% = 4k?

Locus of the centre is 9( x% + y? + z2) = 4k?

>k 3K 3k 3k >k >k >k 3k 3k >k %k 5k 3k %k k Kk k %k
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Plane section of a sphere

1.The plane section of a sphere is a circle.

2.there are two types of circles in the plane section of sphere A) Great circle B) Small circle.

A) If the centre of the sphere lies on the section plane, then it is a great circle.

B) If the centre of the sphere does not lie on the section plane, then it is a small circle

3.Equation of a sphere through the circle S=0=m isS + A m = 0 where A is a constant.
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Problems:1. Find the centre and radius of the circle
x> +y2+22-169=0=x—2y+2z—15.
Solution:
Consider the given circle
x2+y*+2z2-169=0=x—2y+2z—15
O = centre of the sphere = (0,0,0) OA= radius = V169 = 13
OP = The perpendicular distance from O(0,0,0) to the plane A 7‘
x—2y+2z—15=0

_ |-15] 15 c
Vita+s 3

Now in the right-angle triangle OPA
PA? = 0A%? — OP? =169 — 25 = 144.
Radius of the circle = PA = 12
Drs OP = Drs of the normal line to the plane x — 2y + 2z —-15=10
=1, -2 2
y-0 _z

Equation of the line OP is xT_O === %0 =r(say) >x=r,y= —2r,z=2r

LetP = (r,—2r,2r) but it is on the plane x — 2y +2z—-15=0

r—2(=2r)+2(2r) =15 =0 = 9r = 15 :>r=§.

Centre of the circle P = (r,—2r,2r) = (5/3, —2(2), 2 (g)) = (g _—130 ,?)
2. Problems:1. Find the centre and radius of the circle
x> +y2+2z2—-2y—4z—-11=0=x+ 2y + 2z — 15.
Solution:
Consider the given circle

x> +y?2+22—-2y—4z—11=0=x+2y +2z—15

A = centre of the sphere = (0,1,2) AB=radius=v0+1+4 + 11 =4
AP = The perpendicular distance from O(0,1,2) to the plane B 7

x+2y+2z—15=0

_lotz+a-15] _ 9 _ o
Vit4+d 3

Now in the right-angle triangle APB
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PB?= AB®>— AP*=16-9=7 = PB = 7.
~. Radius of the circle = PB = /7
Drs OP = Drs of the normal line to the plane x + 2y + 2z — 15 =0
=1, 2, 2
y—1

Equation of the line OP is?= T:% =r(say)=>x=r,y=2r+1,z=2r+2

LetP=(r2r+1,2r + 2) but it ison the plane x + 2y + 2z —15=0
“r+2Q2r+1)+2Q2r+2)—-15=0=>9r=9 =>r =1.
Centreof thecircleP=(r,2r+1,2r+2)=(12+ 1,2+ 2) = (1,3,4)
**3.Find the equation of the sphere through the circle
x> +vy2+2z2—-9=0=2x+3y+4z— 5 and the point (1,2,3)
Solution: LetS=x2+y%2+4+22—-9=0andnm = 2x+3y+4z—5=0
We know that Equation of a sphere through the circle
S=0=m isS+ Anm = 0where 1is a constant.
nx24+ 9?2+ 22 -9+ A(2x+3y+4z—5) =0 ------ (1)
But it is passes through the point (1,2,3)
1242243294 A(2(1)+3(2)+4(3)—-5)=0=>5+151=0 > 1 =-1/3
Putthevaluein (1) x2+y%?+2z%2—-9— %(2x+3y+4z—5) =0
3x%2 + 3y% +3z%2 — (2x + 3y + 4z) — 5) — 22 = 0 is the equation of required sphere.

4.Show that the two circles
x2+y*+z2—y+2z=0=x—y+z—2

x2+y*+z°+x—-3y+z-5=0=2x—-y+4z—1
lie on the same sphere and find its equation.
Solution: LetS=x?+y2+z2—y+2z=0andn=x—y+z—2=0
We know that Equation of a sphere through the circle
S=0=m isS+ Am = 0where Adis a constant.
L x24yr+ 22—y 4224+ M(x—y+2z-2)=0
X2+ y P+ 224+ - A+ Dy + Q2+ Nz -2 =0 - 1)
LetS’=x2+4+y2+2z°+x—-3y+z—5=0andn’' = 2x—y+4z—1=0
We know that Equation of a sphere through the circle

S’=0=n"isS’+un' = 0where uis a constant.
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X2+ 9?4+ 224+ x-3y+z-5+uRx—y+4z—1)=0
X2+y*+ 22+ (A +2Wx—B+wy+ A +4w)z— 5+ p) = 0-------
If the circles lie in the same sphere to comparing (1) & (2)
A=142u =21-2u =1--—--- (3)
—-(1+0)=-0CB+w) =2 1—u=2 - (4)
24+4A=14+4u > 1 —4u=-1 --—-- (5)
B)-@)=>-u=-1=>u=1
FromM)A—u=2=>1-1=2 = 1=3
Put the values A = 3 & u =1 in Equation (5)
LHS =21 —4u = (3) — 4(1) = —1 RHS
.. The given circles lie in the same sphere and its equation is (2)
x2+y?+z22+ (1 +2W0x—C+wy+ 1 +4w)z—G+p) =0
x2+y2+22+(1+2D)x—CB+Dy+(1+4)z—5+1) =0
x2+y?+2z2+3x—4y+52—-6=0

5.Show that the two circles
x> +y2+2z>2—-2x+3y+4z—-5=0=5y+6z+1

x’+y*+2z2-3x—4y+5z2—-6=0=x+2y—7z
lie on the same sphere and find its equation.
Solution: LetS=x%2+y?+ 22 —2x+3y+4z—5and w =5y + 6z + 1 =0
We know that Equation of a sphere through the circle
S=0=m isS+ Am = 0where Adis a constant.
x2 49?2+ 22-2x+3y+4z—5+ A5y +62+1) =0
x2+y?+2z22-2x+B+5)y+ (A +61)z—(5—1) =0 - (1)
LetS =x?+y?+2z2—-3x—4y+5z—6=0andn’ = x +2y —7z=0
We know that Equation of a sphere through the circle
S=0=n" is S’ +umn' = 0where u is a constant.
x2+y?+22—-3x—4y+5z—6+ u(x+2y—72)=0
x2+y?+z22-B-wWx— @ -2y + G —7u)z—6 = 0-------- )
If the circles lie in the same sphere to comparing (1) & (2)

—2=-@-@) S = 1)
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(B+50) =—(4—2u) = 51 —2u=—7 - (4)
44+61=5—-7u = 61+7u=1 --—--- (5)
From (4) 51 —2u=—7 =51 —2(1) = -7 =51= -5 = 1=—1
Put the values A = —1 & u =1 in Equation (5)
LHS = 64+ 7u = 6(—1) + 7(1) = 1 RHS
.. The given circles lie in the same sphere and its equation is (2)
x2+y2+z22-B-1Dx—U-2y+G-7z-6=0
x2+y?+2z2-2x—-2y—2z2—-6=0
**6. Find the equations of spheres passing through the circle
x> +y2+2z>2—4=0=1z andisintersected by the plane
x+2y+2z=0incircle of radius 3.
Solution: Equation of sphere passing through the circle x> + y2 + z2 —4=0=1z
x2+y?+2z2—4+4+2z=0

x> +y*+z2+Az—4=0 - 1)

2 2
CentreA:(0,0,—g) andtheradiusAB:\/O+0+ % +4= \/2 + 4

Giventhat x + 2y + 2z = 0 intersects the shere (1)

PB = Radius of intersecting circle = 3
Now AP = The perpendicular distance from the centre A= (0, 0, —’% ) of the sphere to the

plane x + 2y + 2z =0

_| 0+0+2( %)

Vi+a+a 3'
In the right-angle triangle APB

AB* = AP* + PB?

2
> 244 =(2)%+ 3P

22 a2
= -5 =9- 4—5=>——5=>AZ—36=>/1 +6

Put the valuein (1) x* + y? + 22 + 6z —4 =0
*6. Find the equation of a sphere for which the circle x*> + y?> + z>2 + 7y —2z+2 =0

2x + 3y + 4z — 8 = 0 isagreatcircle.

B. Srinivasa Rao. GDC RVPM




Solution: Equation of sphere passing through the circle is
x24+y2+22+7y—224+2+22x+3y+4z—8) =0
S>x2+y*+22+20x+ (7+30)y— (2 —4)z+ (2—-81) =0 -—----

2

21 7431 2—4/1)_( 4 _7H32 1—2)1)
=(-1,—
1

Centre of the sphere (— == :

) )

But the given circle is great circle

.. Centre of the sphere liesson 2x + 3y +4z—-8 =10

7431

L2 +3(-2

)+4(1—-21)—-8=0
—4A—-21-94+4+8—-16A—-16=0 = —-291-29=0 => 1= —1
Equation of the required sphere (1)
X2+ y?+z22+2x+ (7+30)y—-2—-41)z+(2-81) =0
Put 2= -1 x?>+y2+22—-2x+4y—6z+10=0
6.Find the equation of a sphere for which the circle
x> +y*+z°—4x+6y—8z+4=0=x+y+z—3

is a great circle.

Solution: Equation of sphere passing through the circle is
x2+y?2+22—4x+6y—8z+4+A(x+y+z—-3)=0
>x2+y*+z22 -4 -Dx+(6+Dy—B8-Dz+ (4 —32) =0 -

Centre of the sphere (421 ) 8;_7‘)

But the given circle is great circle

.. Centre of the sphere liessonx +y+2z—-3 =0

4-1 6+  8-1 4—1-6—-1+8-1-6
AA e 8 _3_0> ’ =0=1=0

Equation of the required sphere (1) x? + y%2+z? —4x + 6y — 8z + 4 = 0.

*kkhkhkkhkhhhhkkkkkkhkiik
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Tangent plane to the sphere
1.Condition for a plane ax + by + cz + d = 0 tauches a sphere
x2+y*+z2+2ux+2vy+2wz+d =0 is
Radius = The perpendicular distance from the centre of the sphere to the plane.

Thatisr = d.

2.Equation of the tangent plane to the sphere

S=x2+y%+ 2%+ 2ux + 2vy + 2wz + d = 0 at the point P=(x; 4,2, )is
Si=xx; +yy; +zz; +u(x+x;)+v(y+y,)+w(Ez+2z,)+d=0.
3.Length of tangent from (x; y;,z; )in to the sphere S=0 is JS_M
4.Conditions for touching two spheres:
If C;,C,arecentresand ry,r, are radii of two spheres respectively.
()If C; C, = r; + 1, then the spheres are touch externally and the point of contact is
Divides C, , C, in the ratio r; : r, internally.
(iDIf ¢, C, = | r; — r, | then the spheres are touch internally and the point of contact is

Divides C, , C, in the ratio r; : r, externally.

N

Externally Internally
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Problems:

1.Find the length of the tangent line to the sphere x* + y* +z2 = 3x+ 5y +7 =10
from the point (3, 1, -1).

Solution:

We know that the. Length of tangent from (x; y;,z; ) into the sphere S=0is \/5_11
LetS=x*+y*+2z%—3x+5y+7 and (x; ¥1,7, ) = (3,1, -1).
Now S, = %2+ 2+ 2,2 =3, + 5y, +7=32+ 12+ (-1)2-3(3)+5(1) +7=14

-. Length of tangent line = \/S;; = V14.

2.Find the points of intersections of the line ’:—8 = % = Z__ll and the sphere
x> +y*+z>—4x+6y—2z+5=0.
Solution: Leth_8 = % = %:r Sx=4r+8y=rz=-r+1

LetP=(4r+8r,—r+1)
> The line intersects the sphere
= P lies on the sphere x? + y? + z2 —4x + 6y — 22+ 5 =0
S(Ar+8)2 +r2+(—r+1)2—-4@4r+8)+6r—2(-r+1)+5=0
(161r%+ 64r +64) + 12+ r2 —2r + 1
—16r—32+6r+2r—2+4+5=0
18r24+54r+36=0 > r’+3r+2=0=>r=-1,-2
Putr =—1 =2P=(4r+8,r,—r+1)=(-4+8-1,1+1) = (4,—1,2)
Putr =—-2 =2P=(4r+8,r,—r+1)=(-8+8,-22+1) = (0,-2,3)
.. The points of intersections = (4,—1,2) and (0,—-2,3)
3.Show that the plane 2x — 2y + z + 12 = 0 touches the sphere
x% +y? + 2% —2x — 4y + 2z — 3 = 0 and find the point of contact.
Solution: Consider the equation of the sphere
x2+y?+22—-2x—4y+2z—-3=0
CentreC=(1,2,-1)andradiusr=vVI+4+1+3=+9 =3

The perpendicular distance from the centre C = (1, 2, -1) to the plane 2x — 2y +z+ 12 =0

_ | 2(1)—2(2)+(—1)+12 | _ 2 _ _ .
= Nreyw=i =3= 3 = Radius

.. The plane touches the sphere.
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C=(12 -1)

2x—2y/72+12=0

Let P is the point of contact. Drs of CP =2, -2,1

Equation of the line CP where C = (1, 2, -1) is

x—1 y—-2 z+1
2 =2 1

=rsay

>x=2r+1, y=-2r+2, z=r—-1
P=(2r+1, —2r+2, r—1)
But P lies on the plane 2x — 2y +z+ 12 =10
L2Q2r+1)—=2(=2r+2)+(@r—-1)+12=0
Ir+9=0=>r= -1
Pointof contactP=(2r+1, —2r+2, r—1)
=(2(-1)+1, =2(-1)+2, (-1)-1)
P=(-1, 4,-2)
4.Show that the plane 2x — y — 2z — 4 = 0 touches the sphere
x% +y% +z% + 2x — 6y + 1 = 0 and find the point of contact.
Solution: Consider the equation of the sphere
x2+y?+z2+2x—6y+1=0
Centre C=(-1,3,0)and radiusr=vV1+9+0—1= 9 =3
The perpendicular distance from the centre C = (-1, 3, 0) tothe plane 2x —y — 2z -4 =0

_l2(-1)-3-0-4| _ 9 _ , _ .
== A T3 3 = Radius

.. The plane touches the sphere.
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C=(1,3,0)

2x—3%z—4=

Let P is the point of contact. Drs of CP =2, -1,2
Equation of the line CP where C = (-1, 3,0) is

x+1 y—-3 z-0
> = 1 = ) =rsay
>x=2r—1, y=-r+3, z=2r
P=(2r—1, -r+3, 2r)
ButP liesontheplane 2x —y —2z—-4 =0
n2@2r=1)—(—r+3)-22r)—4=0
9r—-9=0=>r=1
Point of contact P = (2r — 1, —r + 3, 2r)
=(2-1,-1+3,2)
P=(122)

5.Find the equation of a sphere which touches the sphere x? + y* + z% + 2x — 6y +
1 = 0 at the point (1,2, — 2) and passes through origin.

Solution: LetS=x?+y2+z2+2x—-6y+1=0

x2+y?+z2+2x—6y+1=20

(o, 0,0@

Equation of the tangent plane to the sphere

Si=xx; +yy, +zz; +ul(x+x;)+v(y+y,)+w(Ez+z,)+d=0.
P=(x1y1,21)=(1,2,-2)

Si=x(D)+y2)+2z(-2)+(x+1)—-3(y+2)+1=0.

>2x—-y—2z—4=0

B. Srinivasa Rao. GDC RVPM




Equation of the sphere which touches S =0 at P is
x2+y2+z22+2x—6y+1+AQ2x—y —2z—4) =0 —----—---- (1)
But it passes through (0,0,0)
-~ 0+1+A(0—4) =0 = A= 1/4 put the value in (1)
x4y 4z 42— 6y + 142 (2x—y—22-4) =0

S4(x2+y2+2%)+10x—25y—2z=0
6.Find the equation of a sphere which touches the sphere

x> +y*+z°—x+3y+2z-3=0

at the point (1, 1,— 1) and passes through origin.

Solution: LetS=x?+y2+2z2—x+3y+2z—3=0

(0,0,0)

“ x2+y?+2z2—x+3y+2z—-3=0

Equation of the tangent plane to the sphere
Si=xxq +yy; +zz; tu(x+x)+v(y+y;)+w(z+2z;)+d=0.
P=(x1y1,21)= (1, 1,-1)
$i=x() +yM) +z(-D) —sGx+D+-@+ D+ (z-1)-3=0.
=>x+5y—-6=0
Equation of the sphere which touches S =0 at P is
x2+y2+2z2—x+3y+2z—3+A(x+5y —6) =0 -----m-mmm- (1)
But it passes through (0,0,0)
~0-3+A2(0—-6) =0 = A =—1/2 put the value in (1)
xz+y2+zz—x+3y+22—3—%(x+5y—6) =0
2> +y2+2z3)—3x+y+4z=0
7.Find the equations of tangent planes to the sphere
x>+ y*+z? —4x + 2y — 6z + 5 = 0 which are parallel to the plane 2x + 2y — z = 0.
Solution: Equation of the plane which is parallel to the plane 2x + 2y —z=0s
2x+2y—z+k=0 --------- (1)
But it is tangent to the sphere x2 + y2 + z2 —4x + 2y — 62+ 5= 10
Centre=(2,-1,3) and Radius=v4+1+9—-5=+9 =3
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Condition for tangency r =d

- 3= [2(2)+2(-1)-(3) + k| _ |—1+k |
- Va+a+1 -3
= 9=|-14+k|

=-14k=+9=k=100r —8
~ Equations of tangent planes 2x + 2y —z+10=0 2x+2y—2z-8=0
8.Find the equations of tangent planes to the sphere
x* +y? + 2% — 2x + 2y — 4z — 10 = 0 which are parallel to the plane
x—2y+2z=15.
Solution: Equation of the plane which is parallel to the plane x — 2y + 2z =15is
x—2y+2z+k=0 -------- 1)

But it is tangent to the sphere x2 + y? + z2 —2x + 2y —4z—10 =0

Centre = (1,-1,2) and Radius=v1+ 1+ 4+ 10=+16 =4

Condition for tangency r =d

_ [((D)-2(-1)+2(2)+ K| _|7+k|
=>4= Vata+1 T3

= 7+k= 112 =2k= +12—-7=50r—-19
~ Equations of tangent planes x — 2y +2z+5=0 x—2y+2z-19=0
9.Show that the spheres x* + y> + z> + 2x —4y — 6z + 10 = 0
x*+y* + 2% —6x — 4y — 12z + 40 = 0 touch externally and find the point of contact.

Solution: Consider x? + y2 + z2 + 2x — 4y — 6z + 10 = 0

Centre A=(-1,2,3)and Radiusr; = v1+4+9—-10=2

Also x2+y2+2z2—6x—4y—12z+40=0

Centre B=(3,2,6) andtheradiusr,=v9+4+36—40=23

NowAB=(3+1)2+(2-2)2+(6—-3)2=V16+0+9=5
n+nr=2+3=5=A4B

=~ The spheres are touch externally.

(-1,2,3) (3,2,6)

A n 2 : 3 Ty B

Point of contact = A point and it divides A, B in the ratio 2:3
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(6—3 4+6 9+12) _(3 10 21)
T \2+43’2+3’ 243/ \s5’5 '

10.Show that the spheres x% + y? + z2 = 25

x* +y? + z?> — 24x — 40y — 18z + 225 = 0 touch externally and find the point of
contact.

Solution: Consider x2 + y? + z2 = 25
Centre A=(0,0,0)and Radiusry, = v25 =5
Also x? + y? 4+ z? — 24x — 40y — 182+ 225 =0

Centre B =(12,20,9) and the radius r,=v144 + 400 + 81 — 225 = V400 = 20

Now AB = /(12 — 0)% + (20 — 0)2 + (9 — 0)2 =V144 + 400 + 81 = V625 = 25
T'1+ T2=5+20=25=AB

=~ The spheres are touch externally.

(0,0,0) (12,20,9)

A n 5 : 20 Ty B

Point of contact = A point and it divides A, B in the ratio 2:3

_(0+60 0+100 o+45) _(12 4 9)
“\5420 " 5+20 ’5+20/ \5 ' ’s

Plane of contact, Pole and polar plane

Plane of contact: The locus of points of contact of the tangent planes to the sphere S =0
which passes through an external point B is called the plane of contact of the point B with
respect to the sphere S = 0.

(=

v

Note: The equation of the plane of contact of the external point B (x; y; z;)

w.r.tthe sphere S=01is S; = 0.
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Pole and polar plane: Let S = 0 be a sphere and B be a given point. The locus of the points,
such that the plane of contact of each point w.r.t the sphereS = Opasses through B, is the plane
and is called the polar plane of B w.r.t the sphere S = 0. The point B is called pole of the

polar plane.

Note: The equation of the polar plane of the point B (x; y; z;)w.r.t the sphere S=01is S; = 0.

Formula:

The pole of the plane Ix + my + nz = p where p # 0 w.r.t the sphere

2 2 g2
x2+y?+2z2=r?%is (%,%,%,).
Conjugate points: The points A (x4, y1 z,) B (x3 Y, z,)are said to be conjugate
w.r.t the sphere S = 0 is the polar of A passes through Condition for conjugate
points S;, = 0.
Conjugate planes: Two planes m; = 0 and m, = Oare said to be conjugate
planes w.r.t S = 0 if the pole of 7; = 0 liesonm, =0
Note: Ifthe planes [, x + myy + nyz =p;and [, x + myy + ny,z = p,
Are conjugate w.r.t the sphere x2 + y2 + z? = r? then
r?(Ll, + mym, +nyny) = p1D2-
Problems:
1.Find the pole of the plane x — y + 5z — 3 = O w.r.t the sphere x> + y>* +z? =9

Solution: Let P = (x; y; z;)is pole of the plane
xX—y+5z2—3=0 - (1)

Equation of polar of P = (x; y; z;)w.r.t the sphere
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x?+y*+2z2=9is

xx1 +yy, +22,-9=0----—---- (2)
From (1) and (2) x—11= i’—llz ZS—1= -=3=x, =3,y, =-3,z2; =15

Pole of the plane =( 3,-3,15)

2.Show that the points (1, -1,2)(5,2,3)are conjugate w.r.t the sphere
x> +y2+2z2=09.
Solution: Condition for conjugate planes S;, = 0
Given A (xy,y1,21) = (1,—-1,2), B (x,5,,2;) = (5,2,3)
Now  Sip = XX + Y1V, + 212, — 9
=G +DR)+(2)B)—9=5-2+6-9=0

Therefore, points are conjugate.

3.Show that the planes 5x —y —6z+25=0 x—2y —3z+ 25 =0are
conjugate w.r.t the sphere x? + y* + z% = 25.
Solution: Condition for conjugate planes
r2(Ll, + mymy + nyny) = pyp,.
LHS = 7 2(l;l, + mym, + nyn,) = 25 [ 5(1) + (—1)(=2) + (—6)(—3)]
=25(5+2+18) =625

RHS =p;p, =25 %25 =625~ LHS =RHS

= The planes are conjugate.
Angle of Intersection of two spheres

1.Angle between two intersecting spheres is the angle made by the tangent planes of the
spheres at the point of intersection.

2.1f d is the distance between the centres of two intersecting spheres and r;,r,
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are radii of the spheres then angle between the spheres

3.1f the spheres are intersecting orthogonally then 8 = 90°
then 7%+ % = d?

40f x2+y? +z2+2ux+2vy+2wz+d =0and x*> +y? +z%2+2u'x + 2v'y +
2w'z +d' = 0 are cut orthoganally then

2uu’ + 2vv' + 2ww'=d + d’

4. Theorem: If r{,r, are radii of the two orthogonal spheres, then prove that the radius

rir2

T12+ TZZ

of the circle of their intersection is

Proof:

P T
In the above diagram they are two intersection spheres which cuts orthogonally at P.
Let A and B are centres of the spheres and CP is the radius of the circle.
AP = Radius of first sphere = r; PB = Radius of the second sphere = r,
Let PC =Radius of the circle =r
In the above diagram there are 3 Right angle tringles AAPB, AACP and ABCP
In the right-angle triangle APB AB? = AP? + BP?
(AC + CB)? = 1% + 12 =mmmmmmmm- (1)
AC? + CB? + 2AC.CB =r,* + 1,2
(AP%? — CP?) + (BP? — CP?) + 2AC.CB =1y* + 1,2
(12— 1) + (2 — %) + 2AC.CB=1y% + 1,2
=>-27r2+ 24C.CB=0
> —2r?= —2AC.CB
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= r?2= AC.CB
Squaring on both sides

=51t =AC? CB*=(n? - rH) (2 -1r?
>rt =rfnt-rfr?—rir? + 0t
>t -n%r? —rirn?=0
= 1’r? = (r® + r)r?
712112

2 _
> r2=210_
1‘12+1‘12

172

= Radi ircler = ——
adius of the circle oo

Radical plane:

The equation of Radical plane between the plane S=0 and S’=0is S-S’=0

Radical line: The equation of Radical line between the spheres S = 0, S'=0
andS" =0isiftr=S—-S"=0andn’' =S—-S"=0thent=0= 1’
Radical centre: The radical centre between the spheres S = 0,5'=0
S" =0and S'"" = 0 is the intersection point of radical lines
n=S—-S"=0andn'=85"-S"=0n"=8"-S8"=0
" =8"-8§""=0thent =0= n'thenn”" =0=n"'
Problems:
1.Find the radical plane of the spheres
xX*+y*+z22+4x—2y+2z2+6=0,x2+y* +2z2+2x—4y—-2z+6=0
Solution: Equation of radical plane between the plane S=0and S’=0is S-S’ =0
v (P yP+ 22+ A —2y+22+6) — (x2+y2+ 22 +2x—4y—22+6) =0
2x+2y+4z=0=>x+y+2z=0
2.Show that the spheres
x> +y?+z2+6y+2z+8=0,x>+y*+2z°+6x+8y+4z+20=0

are orthogonal.
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Solution:If x? + y2 4+ z%2 4+ 2ux +2vy + 2wz +d = 0
and x? +y?+z2+ 2u'x + 2v'y + 2w’z + d' = 0 are cut orthoganally then
2uu’ + 2vv’' + 2ww'=d + d’
x> +y2+z2+6y+2z+8=0
2u=0 20=6, 2w=2 d=28
x2+y?+z2+6x+8y+4z+20=0
2u'=6 2v'=8 2w' =4 d =20
>u' =3 vv=4 w =2 d =20
LHS = 2uu’ + 2vv' 4 2ww’ = (0)(3) + (6)(4) + (2)(2) =28 =8+ 20 = d + d’' = RHS
3.Find the equation of a sphere through a circle
x*+y*+2z>-2x+3y—4z+6=0,3x—4y+5z—15=0and
cutting the sphere x% + y? + z% + 2x + 4y — 6z + 11 = 0 orthogonally.
Solution:
Equation of the circle through the circle S=0=m isS+ Am = 0 where 1 is a constant
wx?+y2+22—2x+3y—4z+ 6+ A(3x — 4y + 5z — 15) = 0-------- (1)
x2+y?+2z2-2-30Dx+B—-40)y—(4—-51)z+(6—-151) =0
Let2u= —(2—-31), 2v=(3—-41), 2Zw=—-(4—-51), andd = 6 — 151
But it is orthogonal to the sphere x% + y2 +z2 + 2x + 4y — 6z + 11 =0
2u' =2, 2v' =4, 2w'=—6 and d =
>u =1, v =2, w' =-3 and d =11
Condition for orthogonal spheres
2uu’ + 2vv' + 2ww'=d + d’
—2-30)1)+ B-4)R)— (4 —-51)(-3)=6—-151+11
=>(-24+31)+ (6—-81)+ (12—-151) = 17-152
=16 —-204 =17—-154 = -51=1=> Az—%
Put the value in (1)
x2+y2+zz—2x+3y—4z+6—%(3x—4y+52—15) =0

5(x%+y?+2%) —13x+ 19y — 25z + 45 = 0.
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4. Find the equation of a sphere through a circle

x> +y2+z22+3x+y+2z-2=0,x+3y—2z+1=0and

cutting the sphere x% + y% + z% + x — 3z — 2 = Oorthogonally.

Solution:

Equation of the circle through the circle S=0=m isS+ A m = 0 where A is a constant
cx?+ Y2+ 22 +43x+y+22—2+A(x+3y—2z+1)=0

X2 +y*+ 22+ B+ Dx+ A +3D)y+ 2 -2z + (-2 + A) = 0 (1)
let2u= (3+4), 2v=(1+31), 2w= (2—21), andd = =2+ A

But it is orthogonal to the sphere x?2 + y2 +z2+x—3z—2=10

2u' =1, 2v' =0, 2w'=-3 and d' = -2
3
>u =—= v' =0, w =—— and d' = -2

Condition for orthogonal spheres

2uu’ + 2vv’ + 2ww'=d + d’
1 3
(3+/1)<2—)+(1+3/1)(0)+ (2—2,1)(—5) =24 A-2

> B3+A1)—-6+61 =2(—4+21)
=2 71-3=-8+4+21 = 51=-5 =2 1=-1
Put the value in (1)
x?+y?+z22+ @B -Dx+ (1 +3-D))y+Q2-2(-1))z+(-2+(-1))=0
x2+y2+z22+2x—2y+4z-3=0

5.Find the equation of a sphere which touches the plane 3x + 2y —z + 2 = 0 at the
point (1, -2, 1) and cuts orthogonally the sphere x? + y* + z2 —4x + 6y + 4 = 0.

Solution:

3x+2y—z+2=0

x2+y2+22_4x+6y+ 1,—2,1)
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To solve this problem using the orthogonal condition

2+ %2 =d?*> whered = distence between the centres of the spheres .
Consider the given sphere x% + y? + z2 —4x + 6y + 4 = 0.

Centre A=(2,-3,0)andradiusr; = VE+9+0—-4=+/9 =3

Now equation of tangent plane3x + 2y —z+2 =0

Drs of the normal line of the plane = drs. of the line BP = 3,2,-1

Where P = ( 1, -2, 1) and the centre of the required sphere = B

Equation of the line BP is

x—1 y+2 z-1
3 2 -1
>x=3t+1Ly=2t—-2,z=—-t+1

=t say

B=(3t+1,2t—2,—t+1)

DrsoftheBP=3t+1—-1,2t —2—-2,—t+1—-1=3t,2¢t,—t

wry = BP = J(3t)% + (2t)2 + t2VOtZ + 4t2 + t2 = V14¢2

d = distence between the centres A = (2,-3,0)P=CBt+1,2t—-2,—-t+ 1)

={3t+1-2)2+ (2t—2+3)2+ (t+1-0)2

=/3t—1)2+ (2t+ 12+ (t+1)2

=J9t2 —6t+1+4t2+4t+1+t2—2t+1

= 14t2 — 4t + 3

Now 724+ 1,2 =d?

32+ [V14t7] 2 = |V1407 — 4t + 3]2

9+ 14t% = 14t*> — 4t + 3

3
S6=—4t >t= —=
2

Centre B=(3t + 1,2t —2,—t + 1)=(3(=2) + 1,2(-2) = 2,—(-D) + 1) = (-,

Radius v, = VI4t2 = [14(—>)2 =/126/4 = \[63/2

Equation of the sphere centre at B = (—%, —170,2) radius = ,/63/2

Wy a0, 5,63
43P+ O+ + (2 -5) =
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COAXAL SYSTEM OF SPHERES

Definition: A system of spheres is said to be a coaxal system of spheres if any
two spheres of the system have the same radical plane.

1.Equation of the coaxal system of spheres S= 0 is a member and radical plane = = 0is
S+ At =0.

2. The centres of all point spheres(radius = 0) of the coaxal system are the limiting points of
the coaxal system.

Problems:
1.Find the limiting points of the coaxal system of spheres
x> +y?>+2>—-20x+30y—40z+29+A(2x— 3y +4z) =0
Solution: Given system of sphere
x2+y2+22—-20x +30y —40z+29+1(2x — 3y +42z) =0
x2+y2+22—(20-20)x+ (30—3)y — (40 —4)z+29 =0

) ) )

Centre of the sphere = (20;2/‘1,—(302—3)1) 40;4/‘1) _ (2(12—/1) —3(120—/1) 4(12—/‘1))

29

4(10 — )* 9(10 — )%  16(10 — 1)?
Radiusz\/(4)+(4)+(4 ) _

29(10 — 1)?
:\/—( 7 ) -29

To find the limiting points put the radius = 0= r?2 =0

29(10-2)2 (10-2)2

4

—29=0>

-1=0

(10-2)2
4

=

=1 = (10-1)%2=4
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=210—-A=122 > A=122+10
A =812

2(10-1) -3(10-2) 4-(10—/1))

Put A = 8 in the centre= ( , ,
2 2 2

B 2(10 —8) —3(10—-8) 4(10 — 8)) B

_< 2 2 2 =(2-34)

2(10 —12) —3(10—-12) 4(10—-12)
2 ’ 2 ’ 2

=~ The required limiting points = (2, —3,4) (—2,3,—4)

A =12 we get ( ) =(-2,3,—-4)

2.Find the limiting points of the coaxal system of spheres determined by the spheres
x> +y2+2°+3x-3y+6=0x>+y>+2z>2—6y—6z+6=0
Solution: Given system of sphere
x2+y?+2z2+3x—-3y+6=0x>+y* +z2—6y—62+6=0
Equation of radical plane
T=x>4+y2+2z2+3x—-3y+6—(x2+y?+z>2—6y—6z+6)=0
=3x+3y+6z=0=>x+y+2z2=0=>2x+2y+4z=0
Equation of coaxal system
x2+y?+z2—6y—6z+6+A2x+ 2y +4z)=0
x2+y?+22+2x+(2A—6)y+ (41 —6)z+ 6 =0
-21 —(2A-6) —(4A—6

Centre of the sphere = (T,T,T) = (—4,—-(1—-3),—(21-3))

Radius = /22 + (A —3)2+ (24 —3)2 -6
To find the limiting points put the radius = 0= r2 =0
A2+ A-3)2+21-3)*-6

S+ —61+94+427-1214+9-6=0
=>6A%2-181+12=0=2>22-31+2=0> A=1or2
Put A = 1in the centre (—A,—(A—3),—(2A—3))=(—-1,—(1-3),—(2(1) — 3))
=(-1,2,1)
Put A = 2 in the centre (=2,—(2—3),—(2(2) = 3) = (—2,1,-1)
The required limiting points = (-1, 2,1) (-2, 1,-1)
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3.Find the limiting points of the coaxal system of spheres determined by the spheres

x> +y2+22+3x-3y+6=0,x2+y*+2z?+4x—-2y+2z+6=0
Solution: Given system of sphere

x2+y2+22+3x—3y+6=0,x2+y>+z2+4x -2y +2z+6=0
Equation of radical plane

T=x*+y2+2z°4+3x—-3y+6—(x*+y*+2z°+4x—-2y+22+6=0)=0
>nm=x+y+2z=0
Equation of coaxal system
x2+y?+2z2+3x—-3y+6+A(x+y+22)=0
x2+y2+22+ B+ Dx+(-3+AD)y+21z+6=0

Centre of the sphere = (

—(3+1) —(-3+1) —_2/1)
2’ 2 ’2

To find the limiting points put the radius = 0= r?2 =0

B+1)* (=3+1)F 427 _
7t Z + 3 6=0

S 2 4+614+94+12—-614+94+412-24=0

25612 —-6=0=212=1= 1=+1

Put A = 1 in the centre (

_(-B+D —(=3+1) -2\ _ , _
_( 2 2 ’2>_(2’1’ D

—(3+4) —(-3+1) —_2,1)
2’ 2 2

-3-1) —(-3-1) —2(-D)_ ,
2 2’ 2 )_( 12,1

The required limiting points =(—2,1,—-1) (—1,2,1).

Put A = —1 in the centre = (

)

4.Find the limiting points of the coaxal system of spheres determined by the spheres
X>+y*+2° +4x—-2y+2z2+6=0, x> +y* +2>+2x—4y—-2z+6=0
Solution: Given system of sphere
X2+ Y2+ 22 +4x—2y+224+46=0,x>+y?>+2z°+2x—4y—224+6=0
Equation of radical plane
T=x>+y’+z2+4x—2y+2z2+6— (x> +y?>+z°+2x—4y—22+6) =0
>nt=2x+2y+4z=0
Equation of coaxal system

x2+y?+z2+4x -2y +22+6+A2x+2y+4z) =0
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x2+y2+ 22+ (4 +20Dx+ (—2+20)y+ (2+40)z+6 =0

—(4+21) —(-2+21) —(2+42
2 2 ) )

Centre of the sphere = (

=(=2+21),A-21),-(1+22)
To find the limiting points put the radius = 0= r?2 =0
2+ +@ -2+ (1+22)?
S VP +42+4+22-22+1+1+422+41-6=0
261°2+61=0=>11+1)=021=0,-1
Put A = 0inthe centre = (=2 +1),(1 —1),—(1+ 21))
==(—(2+0),(1-0),-14+0)) =(-2,1,-1)
Put 1 = —1linthe centre == (—(2—-1),(1+1),—-(1-2)) =(-1,2,1)
The required limiting points =(—2,1,—1) (—1,2,1).
5. Find the radical plane of the coaxal system whose limiting points are (3, 1, -2)(5,-3,4).
Solution: Equations of point spheres whose centres are (3,1,-2)(5,-3,4)
(x=3)2+@W—-1D*+(2z+2)?%*=0
>x2—6x+9+y>—2y+1+z2+4z+4=0
S=x>4+y*+z2—6x—2y+4z+14=0
Equations of point spheres whose centres are (5, -3, 4)
(x—=52+@w+3)?+z-4%*=0
=>x2—10x+25+y>+6y+9+2z2—-82z+16=0
S'=x*+y?+2z2-10x+6y—8z+50=0
Equation of radical planer =S —S' =0
S>x24+y2+z2—6x—2y+4z+14— (x> +y?+2z2-10x+ 6y —82z+50) =0
>44x —8y+12z2-36=0>x—-2y+3z2—-9=0

U the Beot
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The cone
B.SRINIVASARAO.GDC RVPM

Definition: A cone is a surface generated by a straight line which passes through a fixed point
and intersecting a given curve or touches a given surface. The fixed point is called the vertices of
the cone and the given curve (surface) is called the guiding curve or surface of the cone and the
straight line is called generator of the cone.

Note: Every homogeneous equation of nth degree in x, y and z represents a cone whose vertices
at origin.

1. The general equation of the cone whose vertices at origin is in the form
ax?+ by? + cz? + 2hxy + 2fyz + 2gzx = 0
. X y zZ .
2.Aline = — = —is a generator of the cone
ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0

ifand only if al? + bm? + cn? + 2hlm + 2fmn + 2gnl = 0.
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Problems: Show that; = —11 = _il is a generator of the cone 5yz + 8zx — 3xy = 0.

Solution: Putx=1,y=-1,z=-1in5yz+8zx —3xy =0
LHS = 5yz 4+ 8zx —3xy =0 =5(-1)(-1) + 8(-1)(1) - 3(1)(-1) =5—-8+3 =0RHS
f = —11 = _il is a generator of the cone 5yz + 8zx —3xy = 0

Result: Show that the general equation of the cone of second degree which passes through the
coordinate axes is hxy + fyz + gzx = 0.

Proof: We the equation of the cone of second order is
ax®+ by? + cz? + 2hxy + 2fyz + 2gzx = 0 ---------- (1)

If X-axis is the generator of the cone (1)

We know the equation of X-axis * = 2 = and is the generator of (1)

O|‘<

a(1)? + b(0)% + ¢(0)? + 2h(1)(0) + 2f(0)(0) + 2g(0)(1) =0
=a=0.
Similarly, another two axes Y — axis % = % = g and Z — axis g = OX = iare generators
of the cone (1)
Wegetbh=0&c=0
Put the values in (1) 2hxy + 2fyz+ 2gzx =0 = hxy + fyz+ gzx =0
Model-1

Problem-1 Find the equation of the cone which passes through the coordinate axes and the lines

A(=2)+f(=6) + g(3) =0 -rrereee @

and ’3—6 === %is also generator of the cone (1)
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h(=3)+f(=1) +g(3) =0

---------- ©
To solve the equations (1) & (2)
-6 3 2 6
-1 3 30
—1Z+3=—9f+6:2;gl8 z—szgz—ie i%:;j:%

Hence the equation of required cone 15xy + 3yz + 16zx = 0

Problem-2 Find the equation of the cone which passes through the coordinate axes and the lines

1 1 -1 2 -11

z X Z X Z
— Zognd Y= X — y_z
5 8

hxy + fyz+ gzx =0 --------- (1)
If g = 51 = f is a generator of the cone (1)
h(15) +f(5) +9(3) =0 --------- (2)
and == _yl = gis also generator of the cone (1)
h(=D+f(=2)+g9(2)=0 - 3)

To solve the equations (1) & (2) 5 3 15 5
-2 2 -1 -2

h = f = 9 = i = f = 9 = i = L = 9

1046  —3-30  —30+5 16 -33  -25 16 -33 -25

Hence the equation of required cone 16xy — 33yz — 25zx = 0

If you put the drs of the line —— = 2 = = in the above equation

LHS = 16xy — 33yz — 25zx = 16(—11)(5) — 33(5)(8) — 25(8)(—11)

= —880 — 1320 + 2200 = 0 = RHS
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Model-2

Problem :3 Find the equation of the cone with vertex at origin and whose base curve is

s>x=Ilr,y=mr,z=nr

~ Any point on the line P= ( Ir, mr, nr)
If the point lies on the curve x? + y% =4,z = 2
Weget(Ir)2+ (mr)2 =4, nr=2 =>r?( 1>+ m?») =4, r =%
Putthevalue rin 7r2( 12 + m?) =4 = ( %)2( 1?2+ m?) =4
= ( I? + m?) = n?and using (1) to eliminate [, m,n

We get ( x2 + y?) = z?% and is the equation of the cone.
Problem :4

Find the equation of the cone whose vertex is (1,1,0) and whose base curve is

x2+ z2=4,y=0

Il
Il
I
<
%]
Q
<

Solution: Equation of the line through (1, 1, 0) is xT_l y-1 Z;O --------- 1)
>x=lr+1lL,y=mr+1,z=nr
~ Any point on the line P= (Ir + 1, mr + 1, nr)
If the point lies on the curve x%+ z2=4,y=0
Weget(Ilr+1)24+ (nr)? =4, mr+1=0 =>r+1)?+ (nm)? =4, r= _—nll
Putthevalue rin (lr+1)?2 + n?r?)=4 = (_—nll+ 1)?% + nz[_—nll]z) =4
(m — 1)? + n? = 4m? and using (1) to eliminate [,m
[y -1D - (=D +2* =4y - 1)?

We get x2 + 3 y? + z%2 — 2xy + 8y — 4 = 0 and is the equation of the cone.
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Problem: 5
Find the equation of the cone whose vertex is (5, 4, 3) and whose base curve is
3x2+ 2y2=6,y+z=0

Solution: Equation of the line through (5, 4, 3) is xT_S = YT_‘L z=3
>x=Ilr+5y=mr+4,z=nr+3

= Any point on the line P= (Ir + 5, mr + 4, nr + 3)

If the point lies on the curve 3x? + 2y2 =6, y+2z=0

We get 3(Ir + 5)? + 2(mr + 4)? = 6,

and mr+4+nr+3=0=>r(m+n)=-7 =>r =
m+n

Now to eliminate rin 3(lr + 5)? + 2(mr + 4)? = 6,

3+ s) + 2R+ ) =
3(5m+5n—70)% + 2(4m + 4n — 7m)? = 6(m + n)?

and using (1) to eliminate [, m,n

3([5( =) +5(z—-3)—7(x - 5)D*+2(4y - D +4(z-3) -7y - HD*=6[(y -4 + (z - 3)]*

3(=7x+ 5y +52)2+2(-3y+4z)?=6(y+z—7)2

=  Weget 147x2 + 87 y? + 101z% — 210xy + 90yz — 210zx — 294.= 0 and is the
equation of the cone.

Problem: 6. Find the equation of the cone whose vertex is (1, 2, 3) and whose base curve is
y2=4dax,z=0
Solution: Equation of the line through (1, 2, 3) is xT_l = —= % =r say--------- @
>x=lr+1lL,y=mr+2,z=nr+3
~ Any point on the line P= (lr +1, mr + 2, nr + 3)

If the point lies on the curve y2? =4ax,z=0
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We (mr + 2)> =4a(lr+ 1), nr+3=0 =r= _73
Put the value 7 in (_B’Tm +2)? = 4a (_Tg’l + 1)
(2n —3m)? = 4a(n —3D)n
Now from (1) to eliminate r in the above equation
2(z-3)-3y-2)%*=4a((z—-3)-3(x—-1)(z-3)
= (2z — 3y)? = 4a(z — 3)(z — 3x)?
. (2z — 3y)? = 4a(z — 3)(z — 3x)? is the equation of the cone.

Model-3

Problem:7. Find the angle between the lines of section plane
x—3y+z=0and the cone x> —5y?> +2z2 =10

Solution:

o

y.
£ >

Suppose the equation of line section of a cone x? — 5y2 + z2 = 0 by the plane
.X y z . .

x=3y+z=01Is 1= m = where [,m,n are d cs of the line section.
l-3m+n=0 ---—--- (1) and [2—-5m?+n?=0------ 2)

From (1) [ = 3m —n and to eliminate [ in (2)

Bm-n)?2-5m?2+n?2=0> 4m?—6mn+2n>=0 =>2m?-3mn+n?=0

>(m-n)2m-n)=0=> m—-n =0—-—-—— (3)
2m—-n=0 ----------- (4)

Tosole (1) & (3) [-3m+n =0 -3 1 1 -3
m—-n =0 1 -1 0 1
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l _ m n l o m _n

3-1  0+1 140 2 1 1

To solve (1) & (4) [-3m+n=0 31 1 -3
2Zm—n =20 2 -1 0 2

l m n l m n

_—= _—= —_— - = _— = -

3—-2 0+1 2—0 1 1 2

Hence the equations of line of intersections plane and a cone through origin is

2 1 1 1 1 2
. . . . 2 1 1 1 1 2
Direction cosines of the lines NN and NN

Angle between the lines of section

COSQ = lllZ + mim, + n{n,

_ 2 1 2 _ s
e teve T Teve T s

=0 = cos™ !

alun

Problem:8. Find the angle between the lines of section plane
2x +y —z = 0 and the cone 4x?> —y2 + 322 =0
Solution: Suppose the equation of line section of a cone 4x2 — y2 + 3z2 = 0 by the plane

. X zZ . .
2x+y—z=0Is 7= % = - where [,m,n are d cs of the line section.

2l4m—n=0 - (1) and 41> —m? + 3n% = 0 -------- 2)
From (1) n = 2l + m and to eliminate n in (2)

412 —m?+3QR21+m)?=0> 8I2+6lm+m?=0
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o

v
4~

>U@ll+mQ2l+m)=0=>0@ll+m) =0 ———(3)
Q2l+m) =0 ----—---—---- 4)
Tosole (1) & (3) 20+m—-—n=20 1 -1 2 1
41+m =0 1 0 4 1
l m n l m
_— = = =S5 - = — = —
0+1 —44+0 2—4 1 —4 -2
To solve (1) & (4) 2l+m—-—n=0 1 -1 2 1
2l+4m =0 1 0 2 1
l m n l
—_— - = - = _— -_
0+1 —24+0 2-2 1 -2 0

Hence the equations of line of intersections plane and a cone through origin is

y Z X y
— = 2 &= —
—4 -2 1 -2

1 -4 -2 1
d— = 2

Direction cosines of the lines 5 B 7 an NG

Angle between the lines of section

COSG = lllZ + mim, + nn,

1 .8 L, 0 _ 9 _ [8_ [z
TV5V21  v5v21  +5v21 V105  AJ105 /35

Py
=6 =cos ! [=
35

Problem-9 Prove that if the angle between the lines of intersection of the plane x + y +z =0

and the cone ayz + bzx + cxy = 0 isg thena+b+c=0.
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Solution:

Let the line of intersection of the plane and the cone is

=X == where [, m,n are d cs of the line section.
l m n
l+m+n=0 ----m-mmmmmmm- (1)
amn + bnl + clm = 0 -------------- (2)

From (1) n = —L — m and to eliminate in (2)
am(=l—m)+b(=l—-m)l+clm =0
—alm —am? — bl> —blm +clm =0
—bl?—(a+b—c)lm—am? =0
bl?+(a+b—c)lm+am? =0

1? l . . .o
b —+ (a+b— c); + a = 0 is a quadratic equation in ~

l l
Suppose = ,—= are the roots
mp; mp

Product of roots =+ .2 = £ = 22z — 2 5 a2 _"Mh
m; mp b myms, b a b
1imi 111
Similarly, ©272 = "2 and hence L2 =12 =72 = )
b I a b c

Since the lines are perpendicular, we get l;l, + mym, + nyn, =0= ka+kb+kc=0

~a+b+c=0
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Problem-10 Prove that if the angle between the lines of intersection of the plane ax + by + cz = 0 and

theconeyz+zx+xy:0is§ then %.+ +%=O

S

Solution:

) 3C

Let the line of intersection of the plane and the cone is

% = X = % where [, m,n are d cs of the line section.
al+bm+cn =0 ------mmmmmmme- (1)
mn+nl+im=0 --------mmmm- (2)

From (1) cn = —al — bm :n:%

] L )+(—“”‘fm Y+ Im=0

C
—alm—bm? —al>? —blm+clm =0
—al’—(a+b—-c)lm—bm?=0

al?+(a+b—-c)lm+bm? =0
1? l . . .o
a—+ (a+b— c); + b = 0 is a quadratic equation in —

Suppose LR ,l—z are the roots

mqy mp
Product of roots -+ .2 = 2 o bl _ b Lk _mm
mqy my a mim, a 1/a 1/b
T mim; niny L1l mim, nin,
imilarly, =—=2 =22 andhence 22 =—"12=12_—
S arly, 1/b 1/c and hence 1/a 1/b 1/c

Since the lines are perpendicular, we get 1, + mym, + nyn, =0

1 1 1 1 1 1
=> k(z)+k(z)+k(;) =0 $5.+ ;+; =0
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Model-4

Enveloping Cone: Let S is a surface and P is a point not on the surface. The set of
tangent lines to the surface S and passing through the point P form a cone with

vertex P and is called Enveloping cone.
Theorem: Prove that the equation of Enveloping cone of the sphere
x? + y% + z? = a® with vertex at (x; ,y;,2,) is
(xxy +yy, +2zz; —a®)? = (x2 + y? + z? —a®)(x,? + Y12 + 2,2 — a?)
Proof: Let S=x2%+ y2 + z%2 —a?
S, = xx;+yy, +2zz, —a?

Sll == X12 + y12 + le - a2

Tangent line

P(x1,y1,7

Equation of a line through the point P = ( x4 ,y; ,z,) With drs [, m,n is

= A(lr + xy,mr + y,,nr + z1)is any point on the line.
2

If the line touch at this point, then A lies on the sphere x? + y2 +z2—a
. 2 2 2 .2 _
s (r+x)"+(mr+ y)°+(nr+ z)°—a“ =0

ri2+m?n?) +2r(lxg +my; +nzy)+(x2+ y, 2+ 22 -a%) =0
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Is quadratic equation in r . If the line is tangent to the sphere it touches the sphere at unique
point. That is b2 — 4ac = 0

= 4l x; +my, +nz)? =40% + m?+n?)(x2 + y12 + 22— a?)
Using (1) to eliminate [,m,n
= [(x—x) %+ —yy+ (2 —2) ]
=[(x—x)*+ O =)+ @z — 21)*1(* + ¥ + 2,2 — a?)
= [xx +yyi+zz — (67 + yi2 +29))°
=[x® +y* + 2220 xx; + yy1 +221) + (0 + yi® + 291

= [(§; +a®) = (S +a?)]?

=[S+a?-2(S; +a?) +S;1 +a?]S1;

= [S1 —=S11]* =[S =28+ S11] St

= 5;%—25/S;; +S511° =551 —25,511 +S11°

=5,%= 58,

Problem 11: Find the equation of Enveloping cone of the sphere x? + y2 + z2 + 2x — 2y —
2 =0 whosevertexat(1,1,1).

Solution: Given that vertex = (x;,y1,27) = (1,1, 1)
Equation of the sphere S = x% + y% + z% + 2x — 2y — 2
S1= xx;+yy1+tzzi+ (x+ x) —(y+y) -2
=x(D+yD)+z(H)+x+1D)-W+1)—-2
=2x+z—-2
Sit=x%+ yi2+ 22+ 2x; — 2y, — 2
=(D?+ (D> + (D?+2(1)-2(1) —2=1
Equation of Enveloping cone is S; 2 = S84
= 2x+z—-2)2%=(x*+y?+z2+2x -2y —2)(1)

= 3x2 —y? +4zx —10x + 2y — 4z + 6 = 0.
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Model-5

Right circular cone :A right circular cone is a surface generated by a line which passes through
a fixed point and makes a constant angle with a fixed line through the fixed point. The line L is
called the axis, and the angle is called semi-vehicle angle of the cone

Theorem: Prove that the equation of right circular cone with vertex at ( @, 5,7 ), the semi-
vertical angle 8 and axie having direction ratios (I, m,n)is

[lx—a)+m@y—p)+niz—p]* =(1®+ m? + n®)[x—a)?+ =) + (z—¥)? Jcos?6

Proof: In the diagram

P(a,B,y)

L

Let P=( a, B,7) is the vertex and A(x,y, z) any point on the cone
And drs of the axis are [, m, n also the semi-vertical angle APL=6
Drs of thelineAP=x —a,y—[(,z—Yy
Drs of the axis AL=1[,m,n
Angle between AL and AP is

lx=—a)+m(y—B)+n(z-y)
VIZ+ m? + n? (J[(x-a)?+ (= B)2 + (z—7)?

cosfl =

Squaring on both sides and cross multiply we get

(IP4+ m? + n®)[(x—a)>+ (y —B)? + (z—7y)? ]cos?H
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= [lx —a) + m(y — B) + n(z - y)]?

Which is the required equation of right circular cone.

Problems 12. Find the equation of right circular cone whose vertex at P=(2,-3,5)axis which

makes equal angles with the coordinate axes and which passes through A=(1,-2,3).

Solution: In the given problem Vertex P=( «, 8,y) = (2,—3,5)
Drs of the axis = cos6, cos@, cosf = Drs of the axis=1,1,1
Suppose the semi-vertical angle = a
equation of right circular cone is
[l(x — @) + m(y — B) + n(z — y)]?
=+ m? + nH)[(x—a)>+ (y—PB)*> + (z—7y)? ]Jcos?8
=>[1(x—-2)+1(y +3) + 1(z - 5)]?

=(12+ 12 + 12)[(x—2)>+ (y+3)? + (z—5)? Jcos?a

=> x+y+z—-4] =3[(x—2)*+ (y+3)* + (z—5)* Jcos’a ------

But it is posing through A=(1,-2,3).

[1-2+4+3-4]2 =3[(1—2)*+ (—2+3)?> + (3—5)% ]Jcos?a

4=3[1+ 1 + 4 Jcos’a = cos’a zg :>cosa:‘/3_E

Equation of Right circular cone (1) =

[x+y+z—4)% =3[(x—2)>+ (y+3)> + (z—5)? ](=)

2
9

= x*+y*+z°+6(xy+yz+zx)—16x —36y —4z—28=0

Problem 13. Find the equation of right circular cone whose vertex at P=(2,-3,5) axis which

makes equal angles with the coordinate axes and the semi-vertical angle 30°
Solution: In the given problem Vertex P=(a, 8,y) = (2,—3,5)

Drs of the axis = cos@, cos0, cos@ = Drs of the axis=1,1,1

Suppose the semi-vertical angle 8 = 30°

equation of right circular cone is
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[([(x —a) + m(y — B) + n(z —V)]?
=+ m? + n)[(x—a)>+ (y—PB)*> + (z—7y)? ]Jcos?8
= [1(x—2)+1(y +3) + 1(z - 5)]?
=(12+ 12 + 12)[(x—2)>+ (y+3)? + (z—5)? ]Jcos?30°
> [x+y+z—42 =3[(x—2)2+ (Y +3)2 + (z—5)2 ](3 )= @)
Equation of Right circular cone (1) =
[x +y+z—4]? =3[x? —4x+4+y2+6y+9+zz—102+25](%)
> (t—4)? =2 (2% +y? + 22 — 4x + 6y — 10z + 38)
=>4(t?—8t+16)=9(x*+y*+2z2—4x+6y—10z+38) but t=x+vy+z
=S4 x%2+y2+ 22 +2xy + 2yz+2zx — 8(x + y + 2) + 16]
=9(x? + y? + z%> — 4x + 6y — 10z + 38)
= 5(x% +y?+2z%) —8(xy+yz+zx) — 4x + 86y — 58z + 278 = 0
Model-6
Problem 14: Finding the vertex of the cone
7x%+ 2y% + 2z%* — 10zx + 10xy + 26x — 2y + 2z — 17 = 0.
Solution: The given equation converts into homogeneous equation
7x% + 2y% + 2z2 —10zx + 10xy + 26xt — 2yt + 2zt — 17t?> = 0. Where t =1

Let f = 7x% + 2y%? + 2z% — 10zx + 10xy + 26xt — 2yt + 2zt — 17t> = 0

2L =14x — 10z + 10y + 26t = 14x + 10y — 10z + 26 = 0 — — — (1)
Z—£=4y+10x—2t=10x+4y—2=0 ————©)
U — 47— 10x+2t = —10x + 4z + 2 = 0 ~--nommmv 3)

0z

To solve the equations (1) and (2)
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2x (1) > 28x+20y—20z+52=0

5x (2) = 50x + 20y -10=0

Subtracting —22x — 20z + 62 =0

5% (3) > —50x + 20z + 10 = 0 subtracting them —72x + 72 =0=>x =1

From the equation (3) —10(1) +4z4+2=0=>4z=8=2z=2
10x+4y—-2=0=>10(1)+4y—-2=0>4y=-8=>=>y=—2

=~ vertex of the cone = (1,—2,2)

Problem 15.Finding the vertex of the cone

4x% —y?2 + 2z +2xy —3yz+ 12x — 11y + 62+ 4 = 0.

Solution: The given equation converts into homogeneous equation

4x2% — y? + 2z% + 2xy — 3yz + 12xt — 11yt + 6zt + 4t? = 0. Where t =1

Let f = 4x? —y% + 222+ 2xy — 3yz + 12xt — 11yt + 6zt + 4t* = 0.

Jogx+2y+12t=4x+y+6=0-——(1)
L= —2y+2x-3z-11t=2x-2y-37-11=0 - - - —(2)
L o= 4z-3y+6t=-3y+4z+6=0 e 3)

To solve the equations (1) and (2)

D)= 4x+y+6=0
2% (2)> 4x—4y—6z—22=0
Subtracting them 5y + 6z + 28 = 0 ---------- 4)
3x(4) =15y +18z+84 =0
5x(3) = —15y 420z +30=0
addthem 38z + 114 =0=z = -3

from(4) 5y+6(-3)+28=0=>5y+10=0=>y=-2
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from(1)4x+y+6=0 =24x+(-2)+6=0=>x=—-1
= vertex of the cone = (—1,-2,-3)
Problem 16: Finding the vertex of the cone
2y% —8yz —4zx —8xy + 6x —4y —2z+5=0.
Solution: The given equation converts into homogeneous equation
2y? — 8yz — 4zx — 8xy + 6xt — 4yt — 2zt + 5t = 0. where t =1

Let f = 2y? — 8yz — 4zx — 8xy + 6xt — 4yt — 2zt + 5t = 0

L= —4z-8y+6t=4y+2z-3=0——— (1)
Z—£=4y—8z—8x—4t=0=2x—y+2z+1=0 ————®
U~ 8y —4x—2t=0>2x+4y+1=0-rrmr 3)

0z
To solve the equations (2) and (3)

2)-B3)= -5y+2z=0 ————-(4)

D-W= 9y-3=0>y=1

From (4)  -5(1/3)+2z=0 =z =2

From (3) 2X+4(§)+1=0=>ZX+§=0=>x=—£

)

Model:7

)

Vertex of the cone = (%7,

Wl
alun

Reciprocal Cones

Equation of tangent plane to the cone S = 0 at the point P = (x; y; z;)isS; =0
Definition (Reciprocal cone):

The locus of lines through the vertex of the cone
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ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0 perpendicular to its tangent planes
Is the cone called Reciprocal cone.

The equation of reciprocal cone of the cone
ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0 is
Ax? + By? + Cz? + 2Hxy + 2Fyz + 2Gzx=0

where A,B,C,H,G,F are the co-factors of a, b, c, h, g, f in the Matrix

a h
g f

thatis A = bc — f? B = ac — g C = ab — h?

a -«

H=—(hc—gf) G=hf—bg, F=—(af —hg)
Problem 17: Find the equation of the reciprocal cone of the cone
4x% —y? + 2z% + 2xy —3yz+ 62zx =0
Solution: Given that 4x% — y? + 2z%2 + 2xy — 3yz + 6zx = 0
leta=4 b=—-1 c=2 2h=2,2f=-3 2g=6
a=4 b=-1 c¢c=2 h=1, f=-3/2 g=3

The equation of reciprocal cone of the cone ax? + by? + cz% + 2hxy + 2fyz + 2gzx = 0 is
Ax? + By? + Cz% + 2Hxy + 2Fyz + 2Gzx=0 where A, B, C, H, G, F are the co-factors of a, b,

¢, h, g, f in the Matrix
a h g
h b f
g f c

that is A = bc—f2=—2—z=—%

B=ac—g?> =8-9=-1

C=ab—h?>=—-4—-1=-5

H=~(he ~ gf) = ~(2—3 =7
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G=hf-bg=—->+3=>

2
F=-(af-hg)= (-7 -3)=9

Ax? + By? + Cz% + 2Hxy + 2Fyz + 2Gzx=0

—Zx? = 1y? = 522 + 2()xy + 2(9)yz + 2(Dzx=0

—17x% — 4y? — 20z% + 20xy + 72yz + 12zx=0

17x% + 4y? + 202z%2 — 20xy — 72yz — 12zx=0

Problem 18. Show that the general equation of a cone which touches the three coordinate axes is
Vfx +./gy +vhz,  fghbeing parameters.

Solution: We that the equation of a cone whose generators are coordinate axes is

hxy + fyz+ gzx =0

i.e.0x% + 0y? + 0z2 + 2hxy + 2fyz + 2gzx = 0
a=0 b=0 ¢c=0 h=h f=f g=g

Now equation of reciprocal cone

Ax? + By? + Cz? + 2Hxy + 2Fyz + 2Gzx=0 where A,B,C,H,G,F are the co-factors of
a,b,c,h,g,f in the Matrix

a
h
g

~ -
a -«

thatisA = bc— f2=0—f%2 = —f?

2 2

B=ac—g? =0—-g% =—g
C=ab—h?*=0—h?=—h?
H=—(hc—gf)=0+gf =gf
G=hf —bg=hf—0=hf

F=—(af —hg) =0+hg =hg

Equation of reciprocal cone
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—f2x? — g?y%2 — h?z%2 + 2gfxy + 2hgyz + 2hfzx = 0
= f2x% + g%y? + h?z? — 2gfxy — 2hgyz — 2hfzx = 0
= f2x% + g%y? + h?z? — 2gfxy — 2hgyz — 2hfzx + 2hfzx — 2hfzx = 0
= (fx — gy + hz)? = 4hfzx
= fx—gy+hz= iZ\/E\/E
:>fxi2\/ﬁx/ﬁ+h2=gy
= (Jfx £vhz )? = [[gy]?
= Jfx £Vhz = +/gy
= Jfx +./gy £vVhz=0
Note: Condition foracone ax? + by? + cz? + 2hxy + 2fyz + 2gzx = 0

having three mutually perpendicular generatorsisa + b + ¢ = 0.

Problem 19: Show that if a right circular cone has set of three mutually perpendicular generators
its semi vertical angle must be tan~* /2

Solution: Suppose (0,0,0) is vertex and
[,m,naredrs and 0 is the semiverical angle of a right circular cone then its equation

[l —a) + m(y — B) + n(z - y)]?
=(I>+ m?* + n*)[(x—a)>+ (y=P)*> + (z—7v)? ]cos?0
[Ix + my + nz]*> =(I> + m? + n?)[x*+ y? + z%]cos?6
But it having three mutually perpendicular generators

~coeff of x>+ coeff of y? + coeff of z> =0

= 12— (1> + m? + n?)cos?0
+ m? — (I + m? + n?)cos?6

+ n?2 =%+ m? + n?)cos?0=0

> %+ m? + n?)-3(>+ m? + n?)cos*=0

(12 + m? + n?)[1—3c0s?0]) =0
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Since (I + m? + n?2)# 0 .~ [1—3cos?8]) =0
= co0s?6 =§ = sec?0 = 3 = secd = /3
= tan’f =sec’0—1=3-1=2

= tanf =2 =60 =tan"1/2

All the Best
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