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DIFFERENTIAL EQUATIONS

B.SRINIVASARAO.GDC RVPM
UNIT-1. DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST DEGREE

Definition:

A differential equation is in the form Z—z = f(x,y) called a differential

equation of the first order and the first degree. There are four types
1.Linear differential equations.
2.Bernoullis Differential equations.
3.Exact Differential Equations.
4.Non- Exact Differential Equations.
1.Linear differential equations:
A differential equation is in the form Z—z + P(x) y = Q(x) where P and Q are
functions of x , is called Linear differential equation.

Working Rule to solve the equation:
1.First to reduce the given differential equation in the form Z—Z +Py=¢Q

and then identify P and Q.

2.To find the Integrating Factor (I.F) = e/ P 4*
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3.And then to find the general solution by y(I.F) = [ Q(I.F)dx + c.

Problems:
ay — p—x?
1.Solve T 2xy =e

Solution: Given differential equation Z—Z +2xy =e™*

2

LetP=2x & Q=e7*

x2

The integrating factor (I.F) = e/ Pdx = ef2xdx = 2(57) = ox
|F=e*
The general solutionis y(I.F) = [ Q(I.F)dx + c.
y(e*)=[e* (e )dx+c= [ldx+c =x+c
ye"2 =x+4c

2.50lve xlogx Z—z + vy =2logx

Solution: Given differential equation x log x Z—z +y=2logx

da 1
24

dx xlogx

2
Y=

It can be reduced to

1
xlogx

LetP =

-2
& Q= "
1
The integrating factor (1.F) = e/ P 4x = eJ7Togz ¥ — plogllogx) — log x
| F=logx

Ldx = dt

X

The general solutionis y(I.F) = [ Q(I.F)dx. letlogx =t =

ylog x =f§(logx)dx= 2ftdt=2(§)+c = t?2+c=(ogx)?+c
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= The general solution ylogx = (logx)? + ¢
3.Solve xZ—z + 2y = x?log x
Solution: Given differential equation x% + 2y = x?logx

dy 2 _
It can be reduced to Lty = xlogx

LetP=2 & Q= xlogx

X
. . J‘E d 2
The integrating factor (I.F) = e/ P 4x = ¢J ¥ 4% = p2logx — plogx® — 2
| F=x?
The general solution is y(I.F) = [ Q(I.F)dx + c.
yx? = [ xlogx (x¥)dx = [x3logxdx+c

=[logx (x3)dx+c
_ x* 1 [ x*
= (logx)- - f; (T)dx+c

=xT4(logx)— ifx3dx+c

2 o x _1x
yxs = 4(logx) . . T¢
_x4(l ) x4+
= (logx ete

- The general solution yx? = %4( log x) — f—z tc

4.Solve (x2 +1) 2+ 4xy =

x2+1

Solution: Given differential equation ( x? + 1) Z—z + 4xy = ﬁ

dy 4x _ 1
It can be reduced to — + G Y T e

1
(x2+1)2

LetP=—X_ & Q=

(x2+41)
4x 2x
ef(x2+1)dx - ezf(x2+1)dx

The integrating factor (I.F) = e/ P 4% =
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— eZlog(x2+1) :elog(x2+1)2

|F= (x2+41)2

The general solution is y(I.F) = [ Q(I.F)dx + c.

1
(x2+1)2

y(x2+1)?% =[ (x2+1)2

dx+c= [ldt+c =x+c

-~ The general solution y(x? + 1)> =x+¢
5.So|ve(x+1)3—z—xy= 1—x

Solution: Given differential equation ( x + 1) Z—z —-xy=1-—x

It can be reduced to & — X _ y = 1-x
dx (1+x) 1+x

X

LetP= — )

and Q= —

1-x
1+x

1+ x-1

The integrating factor (I.F) = e/ P 4% = e S T = oI

1
= e_fl_ (1+x) ax

= p—[x-log(1+x)]
= o~[x-log(1+x)]
= e% @log(1+0) = (1 4 x) =¥
IF= (14 x)e™
The general solution is y(I.F) = [ Q(I.F)dx + c.

yl+ x)e™* =[ 1+ x)e* [—]dx+c= [(1—x)e*dt+c

=1 -x)(—e™) = [(-D(-e¥)dx +c
=—(1—-x)e ™ — f e *dx +c
y(1+ x)e™™ =—(1—-x)e*+e ™ +c=xe ™ +c¢

- The general solution y(1 + x)e™ =xe ™ +¢
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d 1
6.Solve x% +ylog x = e* x'72'08%

. . . . . d 1
Solution: Given differential equation xﬁ +ylog x = e* x'72'°8%
dy logx exxl_%logx —Lioex
Itcan be reducedto—=+y —— = - =e* x~ 2%

logx

1
LetP = & Q= e* x ™ z'°8%

logx

The integrating factor (I.F) = e/ P 4% = ¢/

dx

(logx)?
= e 2

logx logx 1
— elogx - = [elogx] 2 =y 2 logx

|F=x 218
The general solution is y(I.F) = [ Q(I.F)dx + c.
y % > logx . x—%logx(x %logx)dx_l_ c
= [eXdx +c= e +c

1
log x

The general solution yx 2 = e*+c

2
7. Solve x? Z—z+ (x—2)y=x%e"x

2
Solution: Given differential equation x?2 Z—z +(x—-2)y=x%e"=x

dy 1 _2
It can be reduced to —t= (x—2)y=¢e =

2

LetP=22 =1 _
X

X

2
X2

RN

& Q=e”

1 2 2
The integrating factor (I.F) = e/ P @x = o/l 37 521dx = glogx+3

KRIN

2
= el%¥ex =xe
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IF=xe %
The general solution is y(I.F) = [ Q(I.F)dx + c.

2 2 2 x2
yxex=[xexe xdx+c= [xdt+c ="+c

XZ
= —+4c
2

2
x

=~ The general solution y xe
8.. Solve (1 + x?) Z—z + 2xy = 4 x?

Solution: Given differential equation ( 1 + x?2) % + 2xy = 4 x?

dy 2x _ 4x?

It can be reduced to ™ + ) y="Tr2
— 2x _ 4x?
LetP = S & Q= —

2Xx
The integrating factor (1.F) = e/ ? 4x = eI GEI™ 2 glog+x®) — 1 4 42
IF= 1+ x?

The general solution is y(I.F) = [ Q(I.F)dx + c.
(1+x)=[(1+ xz)[4—xz]dx+c= [4x?dt+c =24
Y 1+ x2 3
=~ The general solution y( 1 + x?) = %"3 +c
9.Solve cos?x Z—z +y =tanx

Solution: Given differential equation cos?x Z—z +y =tanx

1 _ Tanx

a a
It can be reduced to ﬁ + = ﬁ + sec’x y =tanx sec’x

cos?x " cos2x
LetP= sec’x & Q= tanx sec’x
The integrating factor (1.F) = e/ P dx = gfsec*xdx — pTanx

| F= eTanx

The general solution is y(I.F) = [ Q(I.F)dx + c.
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yeTd* = [ tanx sec?x eT**dx + ¢
Let tanx =t = sec’xdx =dt
woyeTanX = [tet dt +c=ef(t—1)+c
- The general solution ye™* = T ¥(tanx — 1) + ¢
10.Solve (x + 2y3) Z—z =y.

Solution: To convert the differential equation in the form Z—; +Px=Q

Given that (x + 2y3)% =y = y% =x + 2y3

LetP = _71 and Q = 2y?

-1
The integrating factor (I.F) = e/ P4 = /3 ¥ =g-logy =% ~1F=

The general solution x(I.F) = [ Q(I.F)dy + ¢

x(%)=f2y2(§)dy+c=f2ydy+c=£ +c=y%+¢c

2

Hence the general solution gz y2+c
11.Solve (1 + y®)dx = (tan~ 1ty — x)dy.
Solution: To convert the differential equation in the form Z—; +Px=Q
Given that (1 + y?)dx = (tan"'y —x)dy

= (1 +y2)3—; =(tan 'y —x)

21 dx _ _1 dx 1 _ tan"ly
=>1+y )E+x—tan y =>3+1+y2x— 7
LetP = dQ = &y
etk = 12 A Q= 1+y2
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1
The integrating factor (I.F) = e/ P4 = 1557 ¥ = gtan™'y ~1F= etan 'y

The general solution x(I.F) = [ Q(I.F)dy + ¢

H( ) = [ (e Yy 4 ¢ )

1+y2

Lettan~ly =t =

dy =dt

1+y2
(1) Can be written as x( e " ¥) = [tetdt +¢c = ef(t—1) +c¢
Hence general solution is x( e ) = e ' V(tan"ly — 1) + ¢

2.Bernoulli’s Differential equations

A differential equation is in the form Z—f;+ P(x)y = Q(x)y™ where P and Q are

functions of x ,is called Bernoulli’s differential equation.

Working Rule to solve the equation:

1.First to divide the DE with y™on both sides yin% + Pyl = Q —n(¥)

1-n —n)y " dy — a4z lay_ 1 d
2.Put y =z and then (1 —n)y i S i d  Tom @

3.Substitute the values in ()

1
1 dx + P(x) z = Q(x) is a linear dif ferential equation and then solve.

Problems:

1. Solve T+ 2=x%y°

X

Solution: The given differential equation % + % = x2y*
Divide the DE with y®on both sides — e y =+ A R — (1)

- _g_1d d 1 4d 1 d
Put y™5 = zandthen 5y > =2 == = Fﬁ:_—Sd—z

1) Canbe writtenas — 2 4+ 2 = 2 = & _ 32 _
5 dx X dx x
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LetP, = —_xs and Q, = —5x?

The integrating factor (I.F) = e/ P dx

:ef_—xsdx :e—Sf%dx
— g—5logx — plogx™ — -5 — is IF = is
X X
The general solution: z(I.F) = [ Q.(I. F)dx + ¢
5 1 1
= =f—5x2(;)dx+c
1 _ x—3+1
ey ==5[xPdx+c=-5[7]+c
The general solution ——= = +¢

xS yS 2x2
da .
2.Solve 2+ £ = y2xsinx
dx X
. . . . - d .
Solution: The given differential equation d—z + % = y2xsinx

-1

Divide the DE with y?on both sides 1Yy, Yy

7 ax T =xsinx - (1)
-1 — )y 11y _dz  1dy_ dz
Put y= =zandthen (—1)y o O3 ax ™
(1) Can be written as - Z + %2 = xsinx > £ -2 = —xsinx
dx x dx x

LetP, = _—xl and Q; = —xsinx
The integrating factor (I.F) = eJ P dx

=ef_—xldx

— g~ logx — elogx‘1 =1 = 1 IF = 1

X X

The general solution: z(I.F) = [ Q,(I. F)dx + ¢

y~1 % =f—xsinx(§)dx+c

1 :
— = —[sinxdx+c=cosx+c
xy
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Hence the GS is ﬁ =cosx+c
3. Solve x % + y=y?logx

Solution: The given differential equation x % + y =y?logx

Ly, ¥y _logx
y2 dx+ x | x (l)

Divide the DE with xy?on both sides

Put y~! = zand then (-1) y 112 =& 3% __ &

. d 1 d 1
(1) Canbe written as - — + 2 =282 o Z_ 2 - _ 287
dx x x dx x x

logx

LetP, = _—xl and Q; = —

X

The integrating factor (I.F) = eJ P 4x

-1
d _ -1 _ 1
= el 7 ¥ = g-logx — plogx™ = 1—; IF= =
X

The general solution: z(I.F) = [ Q;(I.F)dx + ¢

1

-1 1 _f_loﬂ(_)dx+c: —fxizlogx dx +c

y x_ X X

1 1( 1

o = —[logx {——}—f;{—;}dx] +c
L f1d+—11 .
o ~x 08X Zdx+c=—logx + — +c

Hence the GS is — = — [ logx + 1] +¢
Xy x

d 2 x3
4.solve 324+ 2L =2
dx  1+x  y2

2

Solution: Multiply the given dif ferential equation with y?
24y 2P %

dx = 3(1+x) -

Zdy_dZ = Zdy 1 dz

Put y3 = zand then 3y i dx y dx 3 dx

. 1 dz 2z x3 dz 2z _ .3
(1) Can be written as - —= + st -3 T X
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LetP, = %er and Q, = x3

The integrating factor (1.F) = e/ P1 dx

R
-e

Tix = p2log(1+x) — elog(1+x)2 =(1+ x)Z

IF=(1+x)?
The general solution: z(I.F) = [ Q.(I.F)dx + ¢
y3(1+x)? = x3(1+x)%dx+c

= [x3(1 + 2x + x?) dx

= [x3+2x* +x5]dx =

SRS
N
u1|><
(421

6

4 5
Hencethe GSis  y* (1 +x)* = XT + 2% 4+

=4
6

a

5.Solve (1 — xZ)Z—z + xy = xy?

Solution: The given differential equation is (1 — x?) Z—z + xy = xy?

Dividing with (1 — x2)y? on both sides

1 dy xy _ xy?
y2 dx  (1-x2)y?  (1-x2)y?

- L ay x ___x
y2 dx = (1-x2)y  (1-x2)
1_ _ldy_dz _ 1dy_ _dz
Put y—zand then S =>y2dx_ —
Canbe writtenas -2 +-X2 _—_* . 4 __x _ =X
dx = (1-x2)  (1-x2) dx (1-x2)  (1-x2)
X —-X
Leth = ~ao and G =0

The integrating factor (I.F) = eJ P dx
J-w % _ alae

=e

1
= eElog(l_xz) = eIOg(l_xz)l/z =41 — x2
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The general solution: z(I.F) = [ Q;(I.F)dx + ¢

%‘/1_)62_[(1 \/1—x dx +c

The general solution i\/l —xZ=+1-x2+c
650Ive(x+1) +1— I

Solution: The given differential equation is ( x + 1) Z—z +1=e*YV =e*e™

Dividing with (x + 1)e™ on both sides

oy e e

dx x+1 x+1

d d
Put e¥ = zandthen e? < =%
dx dx

dz x

Can be writtenas =2 4+ 2 = 2
dx x+1 x+1

Let Pl = x_-:ll-l and Ql = _x

x+1

1
The integrating factor (I.F) = e/P1 % = el @ = plog(x+1) = 4

IF=x+1
The general solution: z(I.F) = [ Q.(I.F)dx + ¢

X

ey(x+1)=fxi_

1(x+1)dx+c=f(x+1)dx
= £+x+c
2
. The general solution e”(x + 1) = "2—2 +x+c

7.Solve %+ 2xtan"ty —x3)(1+y*) =0

BSR MATHS GDC RVPM
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Solution: The given differential equation is Z—z + (2xtanly —x3)(1+y3) =0

Dividing with 1 4+ y? on both sides

1

_.3) —
1+y2d Y4 2xtan~ly —x3) =0

1
1+y2 dx

2 4 2xtan™! y = x3

1 dy _dz

1+y2 dx  dx

Put tan~!y = z and then

Can be written as Z—i + 2xz = x3

LetP, = 2x and Q; = x3

2 2

The integrating factor (I.F) = e/ P1dx = gJ2x dx = ox IF = ¢*

The general solution: z(I.F) = [ Q,(I. F)dx + ¢
tan~ly (exz) = jx3(ex2)dx +c
e’tan~ly = [x? (e*")xdx +c
let x2 =t = 2xdx = dt = xdx = %dt
e*“tan~ly = [t (et)% dt + ¢ =%et(t —-1D+c
- The general solution e*’tan 'y = Ze*" (x2 — 1) + ¢
8. Solve (x y3+xy) =1

Solution: Given that (x yi+xy)=1

ax _ 2.3 ax _ . 2.3
o =X Yirxy = Soxy=xty
dividing with x? on both sides
1 dx 1
il el 1)
Let——z:> —12d—x:£
x4 dy dy
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Equation (1) can be written as —Z—i —zy=y3> Z—; +zy= —y3
LetP, =y and Q;, =-—y3
The integrating factor (I.F) = e/ P14% = o/ ¥ ¥ = o¥*/2
IF = e¥'/2
The general solution: z(I.F) = [ Q.(I.F)dy + ¢
L(ey?/2) = [ —y3(e¥?/2
~(e¥/2) = [ —y3(e¥"/?)dy + ¢
l(eyz/z) — —f Z(eyz/z) d +c
» y ydy
let y2/2 =t = ydy = dt

i(eyz/z) =—[2t(eD)dt+c=-2e'(t—1)+c
. . 1 275\ _ 25 (y?
~ The general solution —(e”"/?) = —2¢”"/ (7 — 1) +c

v .,y -y 2
9.solve —+=logy = = (logy)

Solution: Given that Z—i + %logy = % (log y)?

X

dividing with y(logy)? on both sides

1 dy y Yy 2
t — logy = ——=(lo
y(ogy?dx | xylogy)? 8V T ¥2y(ogy)? (logy)

- 1 d_y 1 — i
y(logy)2dx xlogy  x2
1 -1 dy dz
_— = _—=
Let logy z y(logy)? dx dx

. - dz z 1 dz z 1

— = = ===

Equation (1) can be written as oot el =

x2

1
The integrating factor (1.F) = e/ P19* = el “x W = p-logx %

IF=:
X
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The general solution: z(I.F) = [ Q;(I.F)dx + ¢
1 (1 1 (1
logy(;) - f_x_z(;)dx-l_ ¢

1 1 1
=—)gdx+c=—=+c
xlog y fx3 + 2x2+

Hence the general solution —— = — + ¢

xlogy  2x2

d —
10.s0lve =~ = e*V[e* — e?]

Solution: The given differential equation is

Z—i’= eX V[eX —e] =Z—z= ey — ¥ Z—z+ex = eeiyx
multiply with e¥ on both sides
eV 4 oVex — p2x
dx

Put e¥ = z and then eyZ—z = Z—i
Can be written as Z—i + ze* =e**
LetP, =e* and Q, = e*
The integrating factor (1.F) = e/ P1 dx

:ef e¥dx = ge* IF = e

The general solution: z(I.F) = [ Q,(I. F)dx + ¢
eve® = [e? e dx+c = [e*e*edx+c (Lete*=t=> e*dx = dt)

= [tetdx+c=ef(t—-1)+c

- The general solution eYe®” =e®"(e* —1) +¢

BSR MATHS GDC RVPM 15




3.Exact and Non-Exact Differential Equations:
Definition:
A differential equation M (x, y)dx + N(x,y)dy = 0 is said to be exact if there exist a

function u(x, y) such that M(x, y)dx + N(x,y)dy = u(x,y)

In other words, ?)—1;' = Z_I;] and the general solution can be determined by

f M(x,y)dx(y treated as constent) + f N(x,y)dy(Remove x — term) = ¢
Problems:
1.Solve (x+2y—3)dy—(2x—y+1)dx=0
Solution:Thegivendif ferentialequationcanbewrittenas
2x—y+1Ddx—(x+2y—-3)dy=0
Let M= 2x—y+1 and N= —(x+2y—3)
oM aN
NOWE— —1 and P -1

aM  ON .
. — = —and is Exact
ay dx

The general solution is

J M (x,y)dx(ytreatedasconstent) + J N(x,y)dy(Removex — term) = ¢

f(Zx — vy + 1)dx(ytreatedasconstent) — f(Zy — 3)dy(Removex — term) = ¢

2 2
= 2%—xy+x —2%+3y=c
= The general solution x> —y?—xy+x=c
2.Solve(4x +3y + 1)dx+ (3x+ 2y + 1)dy =0

Solution:Thegivendif ferentialequation (4x +3y + 1)dx+ 3x + 2y + 1)dy =0

Let M =(M4x+3y+1) and N= 3x+2y+1)

oM

Now E

aN oM  ON .
=3 and—= 3 ~— = — and is Exact
dx dy ax
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The general solution is
[ M(x,y)dx(y — treated as constent) + [ N(x,y)dy(Remove x term) = ¢

=>[(4x+3y+Ddx+ [2y+1Ddy=c
x2 yZ
=4 7+3xy+x+2 S ty=c

=>The general solution 2x* + y* + 3xy +x +y = ¢

d x2-4xy-2y?
3.Solve 2 = Z X2
dx 2x“+4xy-y

Solution: Thegivendif ferentialequationcanbewrittenas
(2x% + 4xy — y?)dy = (x? — 4xy — 2y?)dx
Thatis (x? — 4xy — 2y?)dx — (2x% + 4xy — y*)dy = 0
Let M = x2 —4xy —2y%? and N = —(2x? + 4xy — y?)
oM aN
NOWE = —4x — 4y anda = —4x — 4y

oM

M _ ONEyactdifferential equation.
ay 0x

The general solution is
J M (x,y)dx(y treated as constent) + j N(x,y)dy(Remove x term) = ¢

=>[(x? —4xy - 2y3dx+ [—(—yHdy =¢

X4 oyt L=
= 3 42y 2xy+3—c

3 3
= x?— 2x2y—2xy2+y?=c

= The general solution x3* — 6x?y —6xy? +vy® =¢

4.Solve: (1 + e*Y)dx + (1 — g)ex/ydy =0
Solution:Thegivendif ferentialequation (1 + e*/¥)dx + (1 — i)ex/ydy =0

Llet M= (14 e*¥) and N= (1- i)ex/y

Now = o+ e§(—%)= 95(—%)and
oy y y
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b pe b
L _—1ex/y+(1— £)ey(—1)=—1«e§[ 1-1+ f] =e§(—i)
ax y y y y y y?
aM  ON
o = ax and exact

The general solution is

f M (x,y)dx(y treated as constent) + f N(x,y)dy(Removex term) = ¢

:>f(1+ ey)dx+ 0=c

X

v _ x
=x +3-=c = The general solution x + ye» = ¢
y

5.so0lve (e¥ + 1)cosx dx + eYsinxdy =0
Solution: The given differential equation
(e¥+1)cosxdx+eYsinxdy =0

Let M = (e¥+ 1)Cosx and N = eVsinx

oM ON oM dN
Now —=eYCosx and —= e¥Y Cosx . —= — and exact
dy dx oy ox

The general solution is

f M (x,y)dx(y treated as constent) + f N(x,y)dy(Removex term) = ¢

f(e¥ + D)Cosxdx =c

The general solution (e¥ + 1)sinx =c

ax+hy+g
hx+by+f o

6.s0lve ™ +
dx

Solution: The given differential equation can be written as
(hx+by+f)dy+(ax+hy+g)dx =0

Thatis (ax + hy+ g)dx + (hx+by+ f)dy =0

Let M=ax+hy+gand N= hx+by+f

oM N aM AN
Now —= hand — = h : =

. —= — and exact
ady dx ay ax

The general solution is

BSR MATHS GDC RVPM
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j M (x,y)dx(y treated as constent) + f N(x,y)dy(Removex term) = ¢

f(ax+hy+g)dx+f(by+f)dy=c

xZ yZ
a7+hxy+gx+b7+fy=c
The general solution ax” + 2hxy + by* + 2gx + 2fy = 2c
4.Non — exact dif ferential equations
A differential equation M (x, y)dx + N(x,y)dy = 0 is said to be non-exact if aa—lyw * Z—Z

They are four types of non-exact differential equations

Type-1 Reduce into exact using the Integrating factors.

The following formulae are used to solve such non-exact differential equations.

1. 2xdx + 2ydy = d [x? + y?] 2.xdy + ydx = d(xy)

xdy — ydx =d[ Z]
x

ydx—xdy x
37 =d[ ] 4. >
_ xdy+ydx [i] ydx—xdy _ x
s =d| 5 6. 7%=~ =d[log 7 |
xdy—ydx y ydx—xdy _ -1
T —d[log " ] T T d[tan™ " x/y ]
xdy—-ydx _ d[tan‘l /x] 1oyexdx—exdy =d[ i"]
x2+y2 y ) yz y
xeYy—eYdx EZ
11 222 = d[ 2]
Problems:

1. Solve xdy — ydx = xy?dx

Solution: The given differential equation can be written as

xdy—-ydx —(ydx—xd
y y

:—d[;]zxdx
= —fd[g] = [xdx+c
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— 2 2
:?’C = x?+c = The general solution §+ %+c=0

2.Solve (1 + xy)xdy + (1 —xy)ydx =0
Solution: The given differential equation can be written as
xdy + x?y dy + ydx — xy?dx = 0
=>xdy+ydx+xy(xdy —ydx) =0
Dividing withx2y? on both sides

xdy +ydx  xy(xdy —ydx
_, Xdy +ydx | xy(xdy —ydx) _ g

x2y2 x2y2

xdy + ydx + (xdy — ydx) -0

x2y2 xy

=d| %] +d [log %] = 0 Integrating on both sides

1
=>[d| E] + fd[log%] =c
= The general solution % + log % =C

3. Solve xdx + ydy + Xymyax _

x2+ y2

xdy-ydx

Solution: Given that xdx + ydy +

x2+ y2

=>fxdx+fydy+fxdy_ydx =

x2+y?
= [xdx+ [ydy+ [d[tan"1y/x] =c
The general solution x; + y?z +tan"ly/x =c
4.Solve ydx — xdy + logx dx = 0.

Solution: Giventhat ydx —xdy +logx dx =0

Dividing with x2 on both sides

ydx—xdy +logx d

2 2 X =C
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ifw.kf%dx:c

:—fd(§)+flogxx—12dx=c

=>—§+[logx (—i )—fl (—l )dx]=c

X X

y 1 1 —
=—=+[--logx + [ dx]=c¢

=2 llogx — 2 =¢ =The general solution A llogx +i=¢
X X X X X X
5.S0lve  xdy = [y + xcos? (%)] d x

Solution: The given differential equation can be written as

xdy — ydx = xcos? G) dx

xdy—-ydx __

= e (%) = xdx

xdy—-ydx x dx
:seczz[ Y=Y ]=

x x2 x2

:fseczgd(i) = fidx
= The general solution tan > = logx + ¢
6.Solve (x?> + y? + x)dx — (2x* + 2y?> —y)dy =0
Solution: The given differential equation can be written as
(x2+ y3)dx + xdx —2(x* + y*) + ydy =0
= [dx — 2dy] + xdx + ydy =0

= dx — 2dv + 2(xdx+ydy) _ 0
2(x%2+ y2)

1 2xdx+2yd
=>fdx—2fdy+5fﬁ =

= The general solution x — 2y + %log(x2 + y?) =c
Type-2 Homogeneous non-exact Differential equation
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A non-exact differential equation is in the form M(x,y)dx + N(x,y)dy = 0 where

M(x,y), N(x,y) are homogeneous equations the to solve this equation when we reduce into

1
Mx+Ny

exact using an Integrating Factor where Mx + Ny # 0.

Problems:
1. Solve x?y dx — (x3+ y3)dy =0
Solution: In the given differential equation x?y dx — (x3 + y3)dy =0

Let M =x2y N=—(x3+ y3)

oM _ 2 ON_ 3.2 . oM, ON
0y X Py 3x © oy * o not exact
. . . 1 -1
And is homogeneous the integrating factor = = —

Mx+Ny y4
(AsMx + Ny = (Py)x — (2* + y* )y = Xy — 2’y — y* = —y*)

Multiply the integrating factor with the given DE

x2%y x34+y3 x? x3 1
— —dx+ dy=0=>—-—=dx+[=+=|dy=0
y4 y4 y y3 [y4 y] y
2 3 1
LetM=— = N= Z+-
y y y
oM 3 3x2 ON 3x2 3x2
wm_ _ 2[__]:i N _ 3% L 9=
ay y4- y4— ax y4- 4
a—M 6_N exact
dy @

2
The general solution [- % dx + f;l dy=c

-1 x3
= v ?+logy =cC

3y3

= The general solution +logy =c

2.Solve y2 dx — (x* — y?* —xy)dy =0

Solution: In the given differential equation y? dx + (x? — y? — xy)dy = 0

BSR MATHS GDC RVPM
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Let M = y? N=(x%—- y2—xy)

oM ON oM ON
E_Zy a_Zx—y $¢a not exact

1
Mx+Ny - y(x2—y2)

And is homogeneous the integrating factor =

(AsMx +Ny = (y*)x+ (x> — y>*—xy)y
=xy?+ x%y — y* —xy? = x*y — ¥°)
= y(x* = y?)

Multiply the integrating factor with the given DE

2 X2— y2—x
:;] 2 Zy Zy d = O
y(x*-y?) y(xc-y?)
Let M = Yy N = xz—yz—xy — xz—yz _ Xy - l _ X
(x2-y?) y(x2-y?) y(x2-y2)  y@x?2-y?) y  x%-y?
oM _ (x*-yH-y(0-2y) _ (x*+y*) N _ . (x¥*-y)-x(2x-0) _ (¥*+y%)
oy -y (xP-yh? o ox @2-y2 T (x2-y?)?
M _ OV axact
’ dy T ox

The general solution [ (xZ{ 7 dx+ f% dy =c¢

1
}’[5

—_ - 1 —_—
log%] +logy = ¢ = The general solution - log% +logy=c
3.Solve (x%y — 2xy?)dx — (x> — 3x2y)dy =0
Solution: In the given differential equation

Let M = x2y — 2xy? N =—(x3 — 3x2%y)

om _ 2 ON _ (342 — ., M ON
3y — % 4xy Pl (3x* — 6xy) * 3 # not exact
And is homogeneous the integrating factor = LI

Mx+Ny x2y2
(As Mx + Ny = (x%y — 2xy2)x — (x3 — 3x%y)y = x3y — 2x°y? — x3y + 3x2 y2 = x%y?)

Multiply the integrating factor with the given DE
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x2y2 2y2
[2-21ax-15-2 14y = 0
_——— X - —_— y:
y y: oy
LetM=2-2 N= -Z42
y X y y
oM 1 1 oN 1 1
E i R B i
a—M—a—N exact
dy @
The general solution [ %—%] dx -f?dy =c

= The general solution % —2logx +3logy =c

Type-3 Non —exact yf(x,y)dx + xf(x,y)dy = 0 form

A non-exact differential equation is in the form M (x,y)dx + N(x,y)dy = 0or

vf(x,y)dx + xf(x,y)dy = 0 the to solve this equation when we reduce into exact using an

Integrating Factor ——— where Mx — Ny # 0.
Mx—-Ny

Problems: 1.Solve y(1 + xy)dx + x(1 — xy)dy = 0

Solution: Inthe given dif ferential equation

M=y(1+xy)=y+ xy? N=x(1—-xy)=x—x2%y
oM _ N _ . . oM _ oN
P 1+ 2xy T 1-2xy S alew not exact.

. . 1 1
The integrating factor = Ny = 137

(since Mx — Ny = (y + xy®)x — (x —x?y)y = xy + x?y* —xy + x?y? = 2x%y? #0)

Multiply the integrating factor with the given DE

y+xy? x—x2y _
2x2y? + 2 x2y? dy =0

[+ ]dx+[———--]dy=0

2yx2  2x 2xy? 2y
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L1 No L _1

LetM =

2yx2  2x 2xy2 2y
oM _ 1 N _ 1 LM _ 9N
dy  2y2x2 ax  2y2x2 "9y T ox

1

The general solution fzyﬁ + % dx + IW

1 —
Ty =
H -1 1 1
= The general solution 7+ 7logx —;logy =c

2. Solve y(xy + 2x2y?)dx + x(xy — x2y?)dy = 0
Solution: Inthe given dif ferential equation

M = y(xy + 2x2y?) = xy? + 2x?%y3 N=x(xy —x%y?) = x%y — x3y?

oM , ON
— # — not exact.
ay dx

o _ 2,2 oN _  2424,2
ay—2xy+ 6 x“y ax—ny 3x%y

11
Mx-Ny ~ 3x3y3

The integrating factor =
(since Mx — Ny = (xy? + 2x%y3)x — (x%y — x3y?)y
=x%y? + 2x3y3 — x2y? + x3y3 = 3x3y3 #0)

Multiply the integrating factor with the given DE

xy?+2x2y3 dx + x2y—x3y? dy -0

3x3y3 3x3y3
1 2 1
[ J— + — — — =
57, taxlaxtlz—5,1dy=0
1 2 1 1
LetM = 3x2y + 3x N = 3xy2 3y
dy  3y2x? ax  3y2x? T8y T ox
The general solution [ —— + — dx + [ —Zdy=c
3x2y = 3x 3xy2 3y

H -1 2 1
= The general solution 2 T 5logx —3logy =c

3..Solvex(1+xy)dy + y(1 —xy)dx =0

Solution: The given DE can be written as y(1 — xy)dx + x(1 + xy)dy = 0
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In the given dif ferential equation

M= y(1—xy) =y—xy? N == x(1 + xy) = x + yx?
oM _ _ a_N _ ) B_M a_N
oy L 2xy o = L+ 2xy = 5y * 3% notexact
The integrating factor = LR

Mx-Ny 2 x2y?2
(since Mx — Ny = (y —xy*)x — (x + x?y)y = xy — x’y? —xy — x%y? = = 2x%y? #0)

Multiply the integrating factor with the given DE

2 2
y—xy x+x2y _
-2 x2y2 dx + -2 x2y2 dy =0
1 1 1 1
—Lydx+ L1dy=0
[ 2yx2  2x ] [ 2xy? T 2y ] y
1 1 1 1
LetM = —— N = —
2yx2  2x 2xy? 2y
oM _ 1 N _ 1 LM _ON
dy  2y2x2 ax  2y2x2 ooy T ax

1

1 1,1
o 2 dx + | tody=c

The general solution [ Ty

. -1 1 1
= The general solution 2o~ 3 logx+jlogy =c
Type-4 Non — exact Mdx + Ndy = 0 form

A non-exact differential equation is in the form M (x,y)dx + N(x,y)dy = 0 or

M(x,y)dx + N(x,y)(least function copare to M)dy = 0 the to solve this equation when

we reduce into exact using an Integrating Factor e/ /®d4x where

1 oM ON

f(X)=N[ay Fp

Problems: 1. Solve 2xydy — (x? + y? + 1)dx = 0
Solution: The given differential equation an be written as
(x2+y%+ 1)dx — 2xydy =0
LetM=x2+y%2+1 N = —2xy
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oM oN oM _, AN
E—Zy a——Zy :EianonexactDE
. . 1[oM ON]_ 1 _ 1 _ -2
Clearly N is a least function =~ f(x) = 5 [ a axl T Ty [2y +2y] = mry [4y] = -
2 -_—
Integrating factor, | F = e f(0dx =gf =5 4% = g-2logx = plogx™ = —
_ 1
'F==
Multiply the IF with the given DE we get
x2+y2+1 2xy
[ —2—1ldx - —dy=0
y2 1 2y _
[ 1+F+x—2]dx—7dy—0
y2 o1 2y
LetM1= 1+F+; 1\]1=—7
oMy _ 2y = Ni _ o (_Ay_® . O0M_ 9N
Tr=0+Z+0=3 i=y(-5) =2 - = 2 exact DE

2
The general solutionis [ [ 1+ z—z + %] dx+0=c

2

=>x -2 -~ =c = The general solution x? —y? -1 = cx

Problems: 2. Solve (x? + y? + 2x)dx + 2ydy = 0

Solution: The given differential equation is  (x? + y? + 2x)dx + 2ydy = 0

LetM=x2 +y2 + 2x N = 2y
oM aN aM _, aN
E_ZY E—O :5¢5nonexactDE
. . 1[éM ONJ_ 1 o1
Clearly N is a least function . f(x)_ﬁ[ﬁ_a _E[Zy 0]=1

Integrating factor, | F = el fXdx = pf1dx — ox
IF=e*
Multiply the IF with the given DE we get

e*(x* + y? + 2x)dx + 2ye*dy = 0
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Let M, = e*(x? +y? + 2x) N, = 2ye*

N, x L 0M; 9N,
™ = 2ye oy = ox exact DE

oM,
ay

= e*(2y) = 2ye*
The general solutionis [ e*(x? + y2 + 2x)dx + 0 = ¢ using Integration by parts
e*(x* +y* +2x) —e*(2x+2)+e*(2) =c¢
e*(xX*+y* +2x—2x—-2+2)=c
= The general solution e*(x? +y?) =¢

Problems: 3. Solve (1 +y + x2y)dx + (x + x3)dy = 0

Solution: The given differential equationis (1 + y + x?y)dx + (x + x3)dy = 0

LetM= 1+y+x%y N=x+x3
M _ 1+ x2 N —1+3x% = M2 onexact DE
ay ox ay ox
: - i _1[omM_oNj_ 1 2_1-—3x2
Clearly N is a least function - f(x)—N[ay o | = [14+x*—1-3x"]

=2k =2
Cx(1+x2)  (1+x2)

—2x
. =g
Integrating factor, | F = eJ f()dx = oI ¥ — p-log (14+x?)

| F=—L

T 142
Multiply the IF with the given DE we get

1
1+x2

1+y+x> x+x3
M x_l_

1+x2 1+4+x2

dy=0 =>( +y)dx+xdy=0

LetM1= +y N1=x

1+x2

oMy _ Ny _ .M, _ 0Ny
ay 1 Pl 1 "oy = o exact DE

1

The general solution is —
1+x

+ vy dx + 0 = c using Integration by parts

= The general solution tan™*x+ xy =c¢
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Type-5 Non —exact Mdx + Ndy = 0 form
A non-exact differential equation is in the form M (x,y)dx + N(x,y)dy = 0 or

M (x,y)(least function copare to N)dx + N(x,y)dy = 0the to solve this equation when

we reduce into exact using an Integrating Factor e/ 904 where

1 OoN oM

g(}’)=M[E—@]

Problems: 1. Solve (xy3 + y)dx + 2(x?y? + x + y*)dy = 0

Solution: The given differential equation is (xy3 + y)dx + 2(x?y? + x + yHdy = 0

LetM= xy3+y N =2(x%*y?+x+yh
oM _ 2 ON _ 2 — 2 oM _, ON
3y 1+ 3xy P 2(2xy*+1) = 4xy*+2 = 3y # - nonexact DE
: : . — L[ _omMl__1 242-1-3xy?
Clearly M is a least function -~ g(y) = v [ o 6y]_ povEwRYy [4xy“+2—1—3xy*]
{xy? + 1} !
= —_— y = —
y(xy* +1) y
1
I[F = elo0dy = ef§dy=elogy=y IF=y

Multiply the IF with the given DE we get

(xy* + y?)dx + 2(x%?y® + xy + y°)dy = 0

Let M; = xy* + y? Ny = 2(x%y3 + xy + y°)
oMy _ 3 Ny _ 3 . OMy _ 9Ny
ay 4xy° + 2y e = 4xy° + 2y "oy = ox exact DE

The general solution is
[xy*+y2dx+ [2y5 dy+0=c
2y 22 Yo
S txy +2 T =cC

= The general solution 3x?y* + 6xy? + 2y° = ¢
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2.50lve (y* + 2y)dx + (xy3 — 4x + 2y*)dy = 0
Solution: The given differential equation is (y* + 2y)dx + (xy3 — 4x + 2y*)dy = 0

Let M= y* + 2y N = xy3 —4x + 2y*

oM _ 4y3 oN
ay—4y + 2 P

ON oM

Clearly M is a least function . g(y) = % [ o ay]

— [y® —4—4y* - 2]

y+2y
-3(y34+2) =3
e T e AR
y(3+2) y?+2) y
-3
IF = elaay = oI5 % _ -3logy =% IF=%

Multiply the IF with the given DE we get

440 xy3—4x+2y* 2 4
S dx+ 2 dy = 05 [y S dek -5 291y =
et =y 4k M=y

oM aN
n—= — exact DE

N _q_ 2
3 oy ax

o, _ 4
- ox y

dy y3
The general solution is f[y+yiz] dx + [2y dy = c=>xy+;—f+y2 =c

. 2
The general solution xy + = +y2 = ¢
y

kkhkkhkkkk
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UNIT - 11
.First order but not first degree differential equations
(Solvable for p, x and y)
-B. Srinivasa Rao. Maths GDC RVPM

To solve the differential equation f(x,y,p) = 0 where p = % and is first order but not first
degree.

This type of differential equation can be solved from the following methods
1.Solveble for p.
2. Solvable for y.
3. Solvable for x.

4.Clairaut’s form of Differential equation.

Model-1. Equations for solvable for p: In the differential equation
f(x,y,p) = 0 is first order but not first

Degree and x, y are more than first degree then it is solveble for p.

Problems:
1.Solve p? = 7p+12=10
Solution: Given that p2 — 7p + 12 = 0
1x12=12=4X3=—-4Xx -3
>p2—4p-3p+12=0 = p(p—-4)-3(p—-4)=0
=@-3)@-49=0
>p=3o0rp=4
Ifp=3= %:3 = dy = 3dx
Integrating both sides

fdy=[3dx=>y=3x+c=>y—-3x—c=0
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Ifp=4=2=4 >dy=4dx

Integrating both sides
fdy=[4dx=>y=4x+c>y—4x—c=0
The general solution of the differential equationis (y —3x —c¢)(y —4x —c) =0
2.50lve p? —5p+6 =0
Solution: Given that p? = 5p + 6 =0
IX6=6=2%X3=-2%x-3
>p2-2p-3p+6=0 = p(p—-2)—-3(p-2)=0
=@-2)(pP-3)=0
>p=2o0rp=3
Ifp=2= %:2 = dy = 2dx
Integrating both sides
fdy=[2dx=>y=3x+c=>y—-2x—c=0
Ifp=3 :%:3 = dy = 3dx

Integrating both sides
[dy=[3dx=>y=3x+c=>y—3x—c=0

The general solution of the differential equationis (y —2x —c)(y —3x —¢c) =0

3.Solve 4y2p? + 2xy(Bx + Dp+3x3 =0
Solution: Given that 4y?p? + 2xy(Bx + Dp +3x3 =0
= 4y2p? + 6x%yp + 2xyp +3x3 =0
= 2yp(2yp +3x%) + x(2yp + 3x2) =0
= Qyp+3x2)2yp+x) =0
= 2yp+3x2)=00r Qyp+x) =0

sp=-X orp=-2
b= 2y b= 2y
dy _ 3x2 r dy _  «x
dx 2y dx 2y

= 2ydy = —3x%dx or 2ydy = —xdx integrating on bot sides

[2ydy = —[3x%dx or [2ydy= — [xdx
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2y? 3x3 2y? x?2
52 =T tcorZL=-"+c¢
2 3 2 2

=>y24+x3—c=00r2y?+x*2—2c=0

The general solutionis (y? +x3 —¢)(2y? +x?—2¢) =0

** 4. Solve xyp? + (3x%2 — 2yH)p—6xy=0=10
Solution: Given that xyp? + (3x% — 2y?)p—6xy =0=0
= xyp? + 3x%p —2y*’p—6xy =0=0
= xp(yp +3x) —2y(yp +3x) =0
= (yp+3x)(xp—2y) =0
= yp+3x=00rxp—2y

Sp=—Zorp=2

p=—73 p=-

dy _ _ 3x (o dy 2y

dx y dx x
= ydy = —3xdx or dy—y = %dx integrating on bot sides
[ydy = —[3xdx orfi—y=f§dx

y2 3x2
>T=-—+c orlogy = 2logx +log c

= y2 +3x2—2c =0 or logy = logx?c
=>y2+3x2—2c=00r y—cx?=0
The general solutionis (y? + 3x% — 2¢)(y —cx?) =0
5.solve x?p? + 3xyp + 2y? =0
Solution: Given that x?p? + 3xyp + 2y2 =0
= x%p? + xyp + 2xyp + 2y2 =0
= xp(xp +y) +2y(xp+y) =0
= (xp +2y)(xp +y) =0
=>(xp+2y)=0, (xp+y)=0
=>xp+2y=00rxp+y=0

2 d 2 d
s>p=—-=2 orp=-2 =2=-2 o Z=_2
X x dx x dx x
d 2d. d dx . . .
>2=_-22  or Z=_= integrating both sides
y x y x
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ifdyy =—f%+c orf‘;—y = —f%+c
= logy = —2logx +logc or logy = —logx +logc
= logy = logc/x? orlogy = logi = x?y—c=0o0rxy—c=0
The general solution (x2y — ¢ )(xy — ¢)
6.Solve xy?(p? + 2) = 2py> + x3
Solution: Given that xy?(p? + 2) = 2py3 + x3
= xy?p? + 2xy? = 2py3 + x3

= xy%p? — 2py3 + (2xy? — x3) = 0 is a quadratic in p

B —b + Vb2 — 4ac
p= 2a
_2y% +/(2y3)? — 4(xy?)(2xy? — x3)
P= 2(xy?)

_ —2y3+/4y6-8x2y*+axty?)
Bl 2(xy?)

2y3+/4y?(y*—2x2y2+x*)

2(xy?)
_2y342y(x?-yH? _ yiE[x®-y?]
p= 2xy? - xy
dy _ Y+ o B Y-y’
dx xy dx xy
d 2 d 2 2_ 2
DX (1) o=
dx xy dx xy
Y = Ly —xdvo [ydy= [xdx > =545 5 2y rc=0
—_— == = xdx = = Jxdx = —=—+4+- = x" — c=
dx xy e yay 2 2 2 y
dy 2y2—x2 . . . .
— = Is homogeneous differential equation
dx xy

dy

d
Puty =vx = ;=v+xd—z

dv _ 2(wx)?-x? _ 2v%-1

s UT xa x(vx) - v
dv  2v%-1 v2-1
> x—= —v=
dx v v
v dx . . .
= dv = — integrating on both sides

v2-1
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[ dv=f%+c=> %log(vz—l)zlog x + logc

vZ-1

= log(v? — 1) = 2log x + 2logc = log x?c?

= log(z—z— 1) = log x2c?

= y2—x?2=x*?=>y2—x2—x%*?=0

The general solution (x? — y? + ¢)(y? — x? —x*c?) =0

** 7. Solve p? + 2pycot x = y*?

Solution: Given that p? + 2pycot x = y?

= p? + 2pycot x + y?cot’x = y? + y%cot?x

= (p + ycotx)? = y2(1 + cot?x) = y?Cosc?x
= p + ycotx = *(ycosc x)

= p+ycotx = (ycoscx) or = p+ycotx = —(ycosc x)

= p+y(cotx —coscx) =0 or p+ y(cotx + coscx) =0

Ifp + y(cotx —coscx) =0 = Z—z = —y(cotx — cosc x)
dyy = —(cotx — cosc x)dx Integrating both sides
dy _ cosx—1 __ (1l-cosx
J5 = (55 dax = logy = [ =
_  2sin%x/2 _ x _
= f—z SnTeost dx = fTan2 dx = 2log (secx/2)

2
Logy = log (sec?x/2) + log ¢ = log (csec?x/2)
~(y—csec’x/2) =0

If p+y(cotx +coscx) =0 = % = — y(cotx + cosc x)
dyy = —(cotx + cosc x)dx Integrating both sides
dy _ [ l+cosx _ [ 2cos®x/2
f y - f sinx dx = logy B fZSingcosg dx
= —f:lonsi dx = —fcotg dx = —2log (sinx/2)

2
Log y = -log (sin?x/2) + log ¢ = log (ccosc?x/2)
~ (y —ccosc?x/2) =0

The general solution is (y — csec?x/2)(y — ccosc?x/2) =0
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Model-2 : Equations for solvable fory

Working method for solvable for y Suppose the given differential

equation is in the form f(x,y,p) = 0 where y is of first degree and is in one time in the overall
differentian

First the given differential equation can be written as y = f(x,p) and then to differentiate

wrt X on both sides replace % by p and solve.

Problems: 1. Solve y + px = p?x*
Solution: Given that y + px = p?x*
y = —px + p?x* Differentiate wrt x on both sides

dy
dx

[p+x3—5] + [ZpZ—Z x* 4+ p?(4x3)]

= p =x 2 [2x3p — 1] + [4x3p? — p]

zxZ—Z [2x3p — 1] + [4x3p% — 2p] =0

:»xZ—Z [2x3p — 1]+ 2p[2x3p—1] =0

= [ 2x3p — 1] [xZ—Z+2p] =0=>2x3p—1=00rx3—z+2p=0

If 2x3p — 1 = 0 we get a sigular solution.

—2dx
x

-‘-xZ—Z+2p=0 =>xZ—z=—2p:>%p:
Integrating both sides

logp = —2logx +logc = log% =>p= xiz put the value in the given differential equation
y + px =pzx4wegety+xi2 X = [xiz]zx4 >xy=c’x—c

2.50lvey = xp? +p

Solution: Given that y = xp? + p

Differentiate wrt x on both sides

& _[,2 d_p] dap
dx_[p +2xpdx +dx

=>p=p2+(2xp+1)2—2=>(2xp+1)3—z+p(p—1)=0

2xp -1
p(p-1)  p(p-1)

=>p(p—1)j—;f+(2xp+1)=o=>;’—z+
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. . . . . d
Is a linear differential equation in d—;

2 -1

LetP=55 @~

2
| E=e/Pdp = efﬁdp = g2l0g@-1) = (p — 1)2
The general solution

x(IF) = [ QUF)dp + ¢

~1 ~1
ﬁx(p—l)z=jm(p—1)2dp+C=—f(pp )dp

1
:x(p—1)2=J[5—1]dp=log p—p+c

The general solutionis x(p —1)? =log p—p+¢
3. Solve y = 2px + x?p*
Solution: Given that y = 2px + x?p*

Differentiate wrt x on both sides

a d d
d_ic]: 2[p+xd—z] +[4p3£ x2 + p*(2x)]

=>p=2x%[1+2xp3]+2p+2xp4

d—p[1+2xp3]+[2xp4+p]=0

= 2x
dx

:>2x3—z [1+2xp®]+p[1+2xp3] =0
d d

= [1+2xp3][2x£+p] =0>1+2xp3 = 00r2x£+p =0
If 1+ 2xp3 = 0 we get a sigular solution.
22y p = dr _ _ dp _ —dx
--Zxdx+p—0 =>2xdx— p=2 = T x
Integrating both sides
2logp = —logx +logc = log~ = p? = - put the value in the given differential equation

y = 2px + x*p* we get 2px = y — x*p*

2

Squaring on both sides 4p2x2 = (y — x2p*)% = 4 (%) x2=[y—x? (i) 12

= 4cx = [y — ¢?)?
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Model-3: Equations for solvable for x

Working method for solvable for x Suppose the given differential equation is in the
form f(x,y,p) = 0 where x is of first degree and is in one time in the overall dif ferentian

First the given differential equation can be written as x = f(y,p) and then to differentiate
. dx 1

wrt X on both sides replace o by = and solve.

Problems:

1. Solve y%logy = xyp + p*

Solution: Given that y?logy = xyp + p?

210 _n2
ix:)’ gy—p
yp
lo
o 4= Ylgy _p
p y

Differentiate w r t y on both sides

1 - dp  dp _
dx _ [J/(y)+10gy)]p yogygy, Yay —P

dy p? y?

dp
N 1 _ (1+logy) ylog Yy 1dp , p

p p p? ydy = y?
d lo 1 logy+1 1
:>_P( y fy+_)_[%+w__):0
dy p y y p p

dp [yzlogyﬂaz] _PPy? logy] -0

dy yp? y2p
dp 1 1
22 2 2 =0
dy yp? y?p
dp 1 1 dp 1 1
p _=O$ _p_=_
dyp y yo ¥y
d d
= 2="4logc
p y

= logp = logy + logc = logcy
= p = cy substitute in y?logy = xyp + p?
We get log y = cx +c?
2.50lve p?y +2px —y =0
y-p*y

Solution: From the given equation 2x = e % —py

2x = % — py Differentiate wrt y on both sides
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dy p? dy
2 1 y dp dp
p p p?dy y dy

25(3+1)+ (r+2) -0

By (a1 en(ie3) -

deryPip=0osp=:
const erydy+p_ ﬂp_y

Substitute in p?y + 2px —y = 0we get y? — 2cx —c? =0
CLAIRAUT’S EQUATIONS

A differential equation is the in the form y = px + ¢(p) is called Clairaut’s differential
equation. The general solution can be determined by y = cx + ¢(c)

Problems: 1 Solve (y —px)(p —1) =p
Solution: The given differential equation can be written as

y—px = ﬁ and is Clairaut’s differential equation replace p by c

Wegety —cx = ﬁ is the general solution
Problem:2 Solve y? — 2pxy + p?(x? — 1) = m?
Solution: The given differential equation can be written as
y* = 2pxy + p°x* —p® =m’
y? = 2pxy + p%x? = p? + m?
v —px)? =p*+m?
>y—-px=+=% \/pz-l——mz
=> y=pxt W and is Clairaut’s differential equation replace p by ¢
= y = cx + VcZ +m? isthe general solution
Problem: 3 Solve x?(y — px) = yp? taking x* = X and y?*=Y
Solution: Let x2 = X and y?=Y
= 2xdx =dX and2ydy =dY
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2ydy dY dy xp;
= — = pl = — = —
2xdx dX dx vy

_ Xp1

“p= put the value in the given DE x?(y — px) = yp?
XP1 XP1
xz( —x[— >= —1°2
y— x| y 1) =yl ) ]

= x?[y? — x*p;] = x*p,®
But x? =Xand y?=Y
= X[Y —Xp:] = Xp,?
= [Y - Xp,] = p,*
=Y = p,; X + p;? is Clairaut’s differential equation replace p,by ¢
=>Y =cX +c?
= y? = cx? + ¢?
Problem: 4 Solve (px — y)(py + x) = 2p taking x* = X and y*=Y
Solution: Let x? = X and y?=Y
= 2xdx =dX and2ydy =dY
2ydy dY Q _XPy

Zxdx_ﬁ=p1=>dx_ y

“p = % put the value in the given DE

(px—y)(py +x)=2p
XP1q. xpy _ [P
(S =N Iy +x0) =2[]
= [x%py — ¥21[xp; + x] = 2xp;
= [x2P1 - yz][P1 + 1] = 2p,
But x? =Xand y*=Y

= [Xp: —Yllpr+1]l =ps

P1
p1+1

= [Xp, —Y] =
>Y=p X+ ﬁ is Clairaut’s differential equation replace p;by ¢
1
=Y =cX+—
c+1

Cc
= y2=cx?+ -
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HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS

B. Srinivasa Rao, Lecturer in Mathematics. GDC RVPM

Definition: A differential equation is in the form
dny d((‘l’l—l)y dTl—Zy dy _

Qo+ Uy Ta 5+ Aoy AR V(x)

whereag, a,, a,, .... am-1), an are constants is called Higher Order Linear Differential
Equations of order n with constant coefficients.

The above differentials equation having two solutions

1. Complementary Function (C Fory,)

2. Particular Integral (P 1 ory ,) and the General solution isy = CF + PI

For Example, to find the solution of a differential Equation

d? d
a d—xlz' +b ﬁ +cy = V(X)where a, b, ¢ are constants

1.Complementary Function (CF or y, ):

- d%y dy _
The CF can be determined froma— +b—=+cy=0
dx dx

ie (@D%+bD+ cy) =0 where D= % ------- (1)
Suppose y = e™* is a part of the complementary function.
W — memx and LY = p2emx
dx

dx?

Put the values in (1) we get m?e™* + me™* + e™* =0
e™(@am?+bm + c) =0
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as e™ =+ 0 forany m

we have a m?+b m+c =0 is a quadratic Equation in m called Auxiliary Equation

(AE),It has three types of Roots

i)Real and unequal. ii) Real and equal iii) Complex Roots.
i)If the roots are Real and unequal and they are m; &m,
The CF = c,e™* + c,e™2*
ii)If the roots are Real and equal and they are m; = m,
The CF=ce™* + cyxe™* = [¢; + xcy] e™*
iii)If the roots are Complex and they are in the form m = a + if3
The CF =e“*[ ¢;Cos Bx + c,Sin Bx]
2. Particular Integral (P I oryp)
They are five types of functions to finding Particular Integrals
e 2)sinxorcos x. 3) Polynomial function. 4) e** V 5)xV

Model-1 To find the P I of f(D)y = e** by

1 1
Pl=—e®* =——¢% wheref(a) # 0
¢ Trm® (8) #
1 ax _ 1 ax_ﬁ ax —
PI-f(D)e = el Tl where f(a) =0

Problems on Complementary functions
1.Solve (D3+2D?-D-2)y=0
Solution: The Auxiliary Equation (AE) is
m3+2m>-m-2=0
mX(m+2)-(m+2)=0
(M?-1)(m+2)=0=>m=+1m=-2.
The solution of the DEisy = c;e72* + c,e™ ¥+ czel™

2. Solve (D*+ 6D?+ 11D +6)y=0
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Solution: The Auxiliary Equation (AE) is
m3+6m?+ 11m+6=0
Considerx=-1 1|6 11 6

v 0(-1 -5 -6
1 5 6 O
The equationm? +5m+6=0=>(m+2)(m+3)=0=>m = —2,-3

~m = —1,-2,—-3 . The solutiony = c,e™ + c,e ?* + cz;e™3*
3.Solve (D¥+1)y=0

Solution: The Auxiliary Equation (AE) is
m+1=0=>(Mm+1)(M>-m+1)=0

-(-DE/ (-4 (@)
2(1)

>m=-1,m=

>m=-1,m= 143 :% + g( complex roots)

2
The general solution

y=ce ¥+ elz [ c, cos \/2—5 X+ c3sin§ x ]
4.Solve (D3-4D?+4D)y =0

Solution: The Auxiliary Equation (AE) ism3—4m?+4m=0
m(m>-4m+4)=0=> m=0,m2-4m+ 4 =0
>m=0,(m—2)2=0
= m =0, m =2, 2 (Repeated roots)

The solutiony = ¢;€%* + c,e?* + c3xe?*
5.Solve (D*+8D?+16)y=0

Solution: The Auxiliary Equation (AE) is m*+ 8m?+ 16 =0
(Mm?*+4)’=0>m?+4=0m?*+4=0
> m?=—4m?= “4=>m=Vv—4m=V-4=>=m=4+2i4+2i

The general solution y=cq cos2x + c;sin2x + x(c3 c0s 2x + ¢,sin 2x)
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Model-1

1.Find the value of z——e*
5D+6
inn- 1 X = 1 x=1_x
Solution: ————e D sre€ ~ 3¢

2.Find the Particular integral of ( D?- 2D + 1) y =1+ e**

Solution:
—; e2X b (0 I e2X
PI_D2—2D+( ) = D2— 2D+1( )+ D2— 2D+1( )
- - OX ; 2X
02 2(0)+1( )+ 22—2(2)+1(e )

=%(eOX) + :% (eZX) =1+ er
3.Solve (D2+ 4D + 3) y =e?*

Solution: The AEis m2+4m+3=0=(m+1)(m+3)=0
>m=-1,m=-3

The complementary Function (CF) is

Yo = cie7* + ce”3*
— 1 2% — 1 2 = 1,2
D2+4D+3 22+4(2)+3 T

The general solutiony=CF+PI1= c,e™ + c,e™3* +%e2x

4.Solve (D3-5D%+ 8D - 4) y = e

Solution: The AEism3-5m2+8m-4=0

The quadratic equation (m — 1)(m? —4m +4) =0

>m-1)(m—-2)?=0>m=1,2.2
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CF=c,e** + c,xe** + c;e*

— 1 2x
(D3-5D2+ 8D - 4)

PI

— 1 2x
(D-1)(D-2)?

— 1 2xX — 1 2X — ﬁer
(2-1)(D-2)? (D-2)2 2!

2
. X
The General solution y = ¢, e?* + c,xe?* + c;e* + ;er

5.Solve (D3+ 1) y =3 + 5ex
Solution: The Auxiliary Equation (AE) is

m3i+1=0=>(m+1)(m2-m+1)=0

—(-D+/(-DZ-4(D (D)

>m=-1,m= )

_1+V=3
2

iv3
T

>m=-1,m = % ( complex roots)

=cie”*+ e%[c cosﬁx+c sin—gx]
Ye=0C1 2 2 3 2

1

Zm [3+5€X]

Pl

1x
(D3+1) (D3+1) Se

— 1 0x 1 1
T (03+1) € +(13+ 1) Se Ix

— 1 a0 1 1x= 5 ox
—(1)3e +(2)5ex3+2e

The General solution

y=cie™™ + eE[czcos?x+ cgsin?x]+3 + gex

6.Solve (D?-3D+2)y= cosh x
Solution: The Auxiliary Equation (AE) ism?—~3m+2=0
m-1)(m-2)=0>m=1,2

CF=c,€* + c,e?*
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1

Pl= Cosh x

T D2-3D+2
_ 1 [ex+e_x]
D2-3D+2 2

_1 1 x 1 —x
T2 [ (D-1)(D-2) € (D-1)(D-2) e ]

1

1 X —-X
ey L

[oDa=®

2 12
The general solution y = ¢;e* + c,e?* +_7x e* + %e‘x

7.Solve (D3-5D?+ 7D -3)y = e?*cosh x
Solution: The Auxiliary Equation (AE) is m3-5m?+ 7m-3=0
Considerm=1 1 -5 7 -3

0 1 -4 3

1 -4 3 0
The equationm? - 4m + 3=0=>(m-1)(m-3)=0>m=1,3
m=11, 3

CF=ce'™ + cyxel* + c3e3*

e3%teX
2

X —-X
As e cosh x = e [ 2221 =
2

1
Pl= ————e%cosh x
D3-5D2+ 7D -3
1 e3¥XteX

(D-1)2(D-3) 2

=11 3 T o x
T2 [(D—1)2(D—3)e T (D—1)2(D—3)e ]

—l ; 3x ; X
T2 [(3—1)2(0—3)e D-12(1-3) ¢ ]
_l 1 3x 1 x

T2 [4(0—3)e —2(D—1)Ze ]

1 x X
- [ e3x
2 -41! -2.2!

e* ]
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x x? x x2
[ _eSX —Z X ]_ e3x =~ e*
4 4 8

N |-

The general solution y =c,e* + c,xe* + c;e3* + 85e3x — x—Zex
y.=[c1c0s2x+ c; sin2 x |
Model-2
To find the P | of f(D) y = sin bx or cos bx by

Pl= f( D) sin bx or cos bx = (_ )sm bx or cos bx where f(—b?) # 0

— 2y —
Pl= f(DZ)smbxorcosbx Pl=— bzsmbxorcosbx where f(=b*) =0

Plz;gfsinbxorcosbxdx.

D2+ b2

Problems

X
—fsm2xdx—5[

cos Zx]_ —X COS 2X
2 4

2.Find the — sinx
D4+ D+1
. 1 . 1 .
Solution: ————sin X = ————sinx
D?+ D+1 (-124D+1)

:%sinx:fsinxdx:-cosx
3.Solve (D2+ 3D + 2) y=e -2*+sinx
Solution: The Auxiliary Equation (AE) is
m?Z+3m+2=0=>(m+1)(m+2)=0
>m=-1,-2
CF=cie ¥+ ce7?*
1

— -2 :
PI—D2+3D+2[e X+ sinx |

1 2 1 .
=———e X4+ ——— sIn X
D2+ 3D +2 D2+3D+2

=Pl1+ P2 (Say)
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1 1
Pli=———e%=

— —-2x
= =— e
D?+3D +2 (D+1)(D+2)

1

- —-2x
T (=2+1)(D+2) €

1

_ —2Xx
NETTON

-1 -2x _ X -2x

= (D+2) 1!

1 .
Plo= ———— sinx
D“+3D +2

sin x

T _1+3D+2

. 3D-1
SIn X X
3D+1 3D-1

3D-1
9D%2-1

sin X

__3Dsinx-sinx _ 3cos x—sinx
9(-1)—-1 -10

The General solution
_ _ _ 3cos x—sinx
y=cie "+ ce”? —xe ¥ + — 0

4.Solve (D2 + 4) y = ex+ sin2x

Solution: The Auxiliary Equation (AE) ism24+4=0=>m=1 21

— 1 X 3
PI—(D2+4)[e + sin 2x |

1 1
= o e* + Drr g Sin 2x

1 X 1 X (o
D +> [ sin 2x dx

_1 x  x, cos2x
=5 ¢ 3 ( 7 )

_1 x XCos 2x
4

The general solutiony =[c; cos 2 x + ¢, sin2 x |+ Lex- xw: 2
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5. Solve (D?- 4) y =1 + cos2x.
Solution: The Auxiliary Equation (AE)ism?-4=0 > m?=4>m =12

CF=cie % + c,e**

1
Pl=——
D2 4
= 02 " (eo") +—7—; C0S 2X
-1 1
—+— COS 2X = — — — C0S2X
- 4 8
. _ 1 1
The general solutiony = ¢;e™%* + c,e?* — — — 5 COS2x

6.Solve (D?- 4D + 3) y = sin 3x cos 2x
Solution: The AEism?~4m+3=0=>(m-1)(m-3)=0 =>m=1, m=3
The complementary Function (CF) is  y. = c,e* + c,e3*
As sin 3x cos 2x = % [ 2 sin 3x cos 2x ]

= % [ sin (3x+2x) + sin (3x- 2X) ]:% [sin5x+sinx]

1 .
P 1= —3— > sin3xcos 2x
D%-4D +
1
= [sm5x + sinx]
D“—4D +32

1 1 . 1 .
== [ ——=——sin5X +—=———sinx]
2 “D2-4D+3 D2—4D +3

. 1 .
= [—S|n5x + —Slnx]
—-52—4D+3 —-12—-4D +3

[ sin5x +
—22—4D 2—4D

NIlr N|r

sinx]

[ —2(11+ 2D) SInSx + 2(1- 2D)

[ —2(121- 4D?) SINSx + 2(1- 4D2)Smx]

1
2

_1 11-2D . 1+2D
2

_1 [ 11sin 5x—2(5cos 5x) sin x+2cos x]
2 -2[121- 4(-25)] 2(1+4)

_1 [ 11sin 5x—10cos 5x) sin x+2cos x]
2 —-2[221] 10

P I— — [11sm 5x — 10cos 5x] +— [sin x + 2cos x]
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The general solution is

y=c.e* + cye3* — ﬁ [11sin 5x — 10cos 5x]+$ [sinx + 2cos x ]

7.Solve (D?- 3D + 2) y = c0s3X C0S2X

Solution: The A E ism?—~3m + 2 =0= (m-1) (m-2) =0
>m=1,m=2
The complementary Function (CF) is
Yo = €1€* + ce?*
As Cos 3x Cos 2x = % [ 2 cos 3x cos 2x ]

= % [ cos (3x+2x) + cos (3x- 2X) = 51 [cos 5x+cos X]

Pl COS 3X CO0S 2X

T D2-3D+2

1 1

= ————-[Cos 5x+Cos Xx]
D“-3D+22

1
COS 5X + ——————c0s X]
D<— + 2

1
2[02—30+2 3D

N |-

1
[ ———=—-C0S5X + —————C0s X]
—-54-3D +2 —14-3D + 2

COS 5x +
—-23-3D 1-3D

:%[ ! ! €os X]

N 1
T2 | —(23+ 3D) €0s 5X +(1— 3D)

cos X]

COS 5x +

_1[ 23-3D 1+3D
2 ' —(529-9D2) (1-9D2)

Cos X]

_1 [ 23Cos 5x—3(—5Sin 5x) + Cos x+3(—Sin x)]
2 —[529-9(-25)] (149)

_1 [ 23 cos 5x+15cos 5x) + cos x—3sin x]
2 —[754] 10

= =L 1 — 3si
Pl = — [23 cos 5x + 15cos 5x]+20 [cos x — 3sin x]

The general solutionisy=CF +P |
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y=c,e* + c,e** — ﬁ [23 cos 5x + 15cos 5x]+% [cos x — 3sin x]

8.Solve (D* + 3D? - 4)y = cos?x — cosh x

Solution:
The AE is m* +3m2-4=0 S>m* +4m2-m2-4=0
=>m?(m? + 4)-(m? +4) =0

>(M?>+4)(Mm?-1)=0
S>mi=-4 m*=1=>m=+2i,m= +1

CF=cicos2x+ c,sin2x+ cze™ + c,€*

As c0s 2x =2c0s2x — 1= 2cos?x = 1 + cos 2Xx=> cos’x = %[ 1 + cos 2x]

X+ —-X
and cos hx = £=2
- - 2y _
Pl =———, [cosx—cos hx]
=—— 1  coe2x_ — 1
D*+3D2—4 COS™X D4+3D2—4COS hx
=PI - Pl
-1  co2x=—_1 1
Now P I1= ———— C0s°X CETCEE [ 1+ cos 2x]

1 1

T2 [ (D2+ 4)(D2- 1) 1+ 02+ 4(2-1) 5 2x]

1  oxy_ 1
T2 [ 0+ 4)(0- 1) e+ (D2+ 4)(-22- 1) cos 2x]

-1 1 Jox,__ 1
=3 [(_4)6 + D) cos 2x]

1.1, -1x
=2 [7+—55f6052xdx]

-1 —x Ssin2x -1 x .
Ph=—+— = ———sin2x
8 20 2 8 40
1 1 eX+e ™
Pl, = ————cos hx =
2 D*+3D2— 4COS (D?+ 4)(D%-1) 2

_1 1 x 1 —x
T2 [ (D%2+ 4)(D-1)(D+1) € (D2+ 4)(D— 1)(D+1) € ]

11 BSR MATHS GDC RVPM




_1 1 x 1 —x
T2 [ (12+ 4)(D- 1)(1+1) € ((-1D2+ 4)(-1- 1)(D+1) € ]

1 1 1 _
— eX e x]
2100~ 1) -10(D+1)
1 x X -
=2l e” e~
2t101! -10.1!
_x1 x X1 X o;
PIz—lOZ[e e *]= 10smhx

The general solution
y=c1€082x+ c;sin2x+ cze™ + cye* —%—%sian-lx—o sin hx
Model-3

To find the P | of f(D)y = polynomial function.

Pl= % (polynomial in x) = [f(D)]~*(polynomial function) and apply the binomial

expansions

(1—x)t=14+x+x2+x3+ e
(14+x)t=1—-x+x2 =234+ i
(1—x)2=14+2x+3x2+4x3+ -
(1+x)2=1—-2x+3x%2—4x3+ -
Calculate them.
Problems

1.Find the Particular integral of (D + 1) 2y = x

. _ 1 __ 1
Solution: Pl = == () = 3577 ™)

=(1+ D) %(x)
=(1-2D+3D?%- +....... ) X
Pl =(x-2)
2.Solve (D24+D+1)y=x3
Solution: The Auxiliary Equation (AE) ism?24+ m+1=0
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m= -1/ ()24 (@)
2(1)

-14/=3
2

=>m=-1,m= = _71 + %( complex roots)

Z V3 . V3
y.=e 2[c1cos7x+ czsm7x]

1
D2+D+1

PI=

x3=(D?+D+1)"1x3
=1 +D+D*)"'x?
But(14+x)' =1-x+x2-%X3 + scvvervrrrrien
=[1-(D+D?*)+ (D+D*»?+(D+D?»)3+......]x3

=x3-3x2 -6x + 6x +2(6) +6 ] = x3-3x2+18
The general solutiony = e_% [cq cos ? X+ ¢ sin ? x]+ x3-3x%+18

3.Solve (D3+ 2D?+ D) y = x°+ X

Solution: The Auxiliary Equation (AE) is m3+2m?+m=0

m(m?2+2m+1)=0=>m=0(m?+2m+1)=0
>m=0,(m+1)?=0
>m=0,m=-1,-1

CF=cie ¥+ coxe ™ + c3e% = cie™ + cxe™ + ¢35

1

_ 2
Pl "~ D(D2+ 2D+1) (x7+X)

1

_ 2
" D(D2+ 2D+1) (x%+x)

== (1+D)2(x2+x)

== (1-2D+3D? — ... )(x2+X)
=— [x?+x-2(2x+1) +3(2)]
:%[x2—3x+4]

=[x?-3x+ 4 dx

=2 3% y4x=1120% - 9x% + 24x]

The general solutiony = c;e™* + c,xe ™™ + ¢3 + % [ 2x3 — 9x% + 24x]
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4.Solve (D24 3D + 2)y = e*+ x2+ Cos x

Solution: The Auxiliary Equation (AE) is

m2+3m+2=0=>((m+1)(m+2)=0
>m=-1,-2
CF=ce” ¥ + ce7?*
PIZZ;[G'X+XZ+COSX]
D2+3D +2
= —— (ex")+5——(x2)+ ———(Cosx)
D?2+3D +2 D2+3D +2 D2+3D +2
Pl =Pli+Pl+Pl3
1 - 1 .
Pl T D2+3D+2 (e%) T (D+1)(D+2) (e%)
= oo (®) =5 (e
(D+1)(—-1+2) (D+1)
e—x
= e =2
1
Ple = grapes (9= o, ()
2
2
=l[1+D+3D]_1x2
2 2
1 D?+3D D?+3D]? 2
- PR e
1 2 2+6x @
T2 [x 2 4 ]
= [4x? —12x +14] =7 [ 2x% —6x +7]
Pl =—————(Cosx) = —————(Cosx)
S Thryap+z \OSK) T Toigp gy, (HOSX
= 7555 (Cosx)
= Trsp 05X
1-3D
= 9D2(Cosx)

__ Cosx—3(—Sinx)
1-9(-1)
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Cos x+3Sin x

Pls= o

~PI=Pl1i+PIl2+PIs

Cos x+3Sinx

=X lro,2 _
== +4[2x 6x+7]+ o

The general solution

Cos x+3Sinx
10

y=cle‘1"+cze‘z"+&1_x+i[2x2 —6x+7]+
5.Solve (D2- 4D + 4) y = 8( x2+ e2* + sin2x)

Solution: The Auxiliary Equation (AE) ism2-4m + 4 =0
(m—-2?=0=>m=2,2

CF=c,e® + cxe?*

1

Plzm[8(XZ+BZX+SiHZX)]
_ 1 - 1 e L 1 i,
- [D2—4D+4X tz—apra C 'D2—4D+4°m2X]
PI=8[Pl1+PI2+PI3 ] -----mmm- (D
_ 1 2—_1 o2
Now P Il_D2—4D T T (D—2)2X
1
—_ 1
_4(1—D/2)2X
D _
= EXZ
4
_1 D2 2
_ 1, 2 3
= [x"+2x+2(2)]
P Iy == [2x? + 4x +3]
Plo= Z;ezx
D2— 4D + 4
__1 2x= X° _2x
_(D—2)Ze 21 €
Plz= %sian
D2— 4D + 4
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1 .
sin 2x

T 224D +4
1 . -D .
= ——sin 2x = — Sin 2x
— 4D 4p2
__—2co0s2x

1
= == CcoS 2X
-4 2

From (1) P1 =8[Pli+PL2+Pls |
Pl= 8 [l8 [2x% +4x+3]+ Z—Z!ezx + %cos 2x
PI= [2x%+4x+3 +4x%e®* + 4cos 2x |
The general solution
y = cie?* + c,xe?*+2x* + 4x +3 +4x?e?* + 4cos 2x
Model-4

Tofindthe Pl of f (D)y=e**V by

Pl=—Ye®y =—exx_1 _y and Calculate
f(D) f(D+a)

Problems

1.Solve (D?- 4D + 4)y = x %%

Solution: The Auxiliary Equation (AE) is m>-4m+4=0
>(m—-2)2=0>m=2,2

CF=c,e® + cxe?*

1 1
_— - 2X e —X e2X
D2-4D + 4 (D-2)2

P

— A2X 1
=S oot

1 1
=eX —x=e¥ = [xdx
D D

1 x2 x2
=eX——=e>[= dx
D 2 2

3

ZEZX[f]:x 2x

— e
6 6

3
. X
The general solution y =c,e%* + c,xe?* + = e?*
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2.Solve (D?- 6D +13) y = 8e3*sin2x
Solution: The Auxiliary Equation (AE) is m>—6m +13=0

m = -b+Vb2—-4ac _6+V36-52 _ 6+V—-16 _ 6+4i _

= =3+ 2i
2a 2 2 2
ye=e3*[cycos2x+ ¢, sin2x]
Pl= m(S e sin ZX)
— 3x 1 i
=8e (D+3)2- 6(D+3) +13 (sin 2x )
=8 e¥ L (sin2x )

D2+6D+9 - 6D—18 +13

1 . X .
=8e¥—(sin2x) =8e¥- [ sin 2x dx

—XCO0S 2x
=8e¥[— —]= 2 x e3*cos 2x

The general solutiony = e3* [ ¢; cos 2 x + ¢, sin 2x ]+ 2 x e3*cos 2x

3. Solve (D?-7D + 6)y = e (x + 1)
Solution: The Auxiliary Equation (AE) is m?-7m+6=0
=(m-1)(m-6) =0=>m=1,6

CF=c.e* + c,e®*

1

Plzmezx(x+1)
=e* (D+2)2—71(D+2) + 6( x+1)
= e¥ D2+4D+4T7D—14+6 (x+1)
= ¥ G (D)
2_
=e? — [1- =2 171 (x+1)
e L[ 14230 j(x+)

-4 4

-3(1)
4

_ 2 1 _ er
—ex—[x+1+ ]—_—16[4X+1]

-4

2x
The general solution isy = c;e* + c,e%* — 61—6 [ 4x + 1]
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Model-5

TofindthePlof f(D)y=xV by

1 1 f'[D]
Formula — xV=x—V —
f(D) f(D) [f(D)]?

Problems 1. Solve (D?+4)y = xsin x

Solution: The Auxiliary Equation (AE)ism?+4=0>m?=-4=>m=42i

Yc=[c1c082x+ c;sin2 x]

1 .
PlI= D gl SInX
1 1 f'[D]
By the Formula— xV =x—V — |4
y X T Y T o

1 . 2D .
=X SIN X ——=—=SINX

(D2+ 4) [ D2+ 4)2
=x sin X — —25 % _
-12+ 4 [ 12+ 4]?
1 . 2cos x X . 2cos x
=X - SINX——— = - SInX-—
3 [3]2 3 9

2cos x

The general solutiony =c; cos2 x+ ¢, sin2 x + gsin X —

2.Solve (D24 2D + 1) y =x cos x

Solution: The AEism2+2m+1=0=>(m+1)?=0 >m= —-1,—1

CF=cie* +cyxe™

PI= Z;xcosx
D2+2D +1
1 1 f'[D]
We k the fi la—xV=x—V-—-
e xnowthe formiia 1 o) OGO
PI=x2;Cosx—&Cosx
D?2+2D+1 [D2+ 2D + 1]?

—2sin x+2cos x

x——Cos x —
-1+ 2D +1 [-1+ 2D + 1)2

1 —2sin x+2cos x
=x—Cosx ———
2D [2D]?
—2sin x+2cos x

D
=x—Cos x —
2D?2 4D?
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—-sinx —2sin x+2cos x
2(-1) 4(-1)

xsin x sin x— cos x
PlI= —
2 2

. . _ —_ xsin x sin x— cos x
The general solutionisy=yc +yp=cie™* + coxe™ + o~ >

3.Solve (D2- 2D +1)y =x sinx
Solution: The AEism2+2m+1=0=>(m+1)?=0 >m= —-1,—1
CF=cie* +cyxe™

1 :
Pl= ————xsinx
DZ+2D +1

1 1 f,[D]
k he f la—xV=x_—V-
We know the formu asn * XD [f(D)]2

1 . 2D+2 ,
Pl=x——sinx———— sinx
D2+2D +1 [D2+ 2D + 1]2

1 . 2cos x+2sin x
=X——SINX ——/—/m—/—/
—-1+2D+1 [-1+ 2D + 1]?
1 . 2cos x+2sinx
=X—SINX ———————
2D [2D]?
2c0s x+2sin x

D .
=X——SIN X —
2D?2 4D?

— 5 cos X 2cosx+2sin x
2(-1) 4(-1)

X Ccos x sin x+ cos x
2 2

. . _ _ xcos x sin x+ cos x
The general solutionisy=yc+yp=cie™* + coxe™ — +
p 1 2 2 2

4. Solve (D2-1) y =xsinx + x%e*
Solution : The auxiliary equationism?2-1=0=>m?2=1=>m=%+1
The complementary functiony = c;e™* + ¢, e*

Particular Integral = xsinx + x2e* |

1
CEDE

_ 1 . 1 2 x
= or-1n Xsinx + o -1) x“e

=P11+PIZ

19 BSR MATHS GDC RVPM




1 .
NowPIl; = ———xsinx

0?2 -1)
1 1 f'[D]
By the Formula — xV =x—V —
y 0 TOMERTOE
_ 1
X D) sin x TR sin x

1
Pl, =x —— sinx-————
1 121 S [-12-1]2

and now P I, =mx

D+1)2 -1

1 2
— x
(D%2+2D+1-1)

1
— pX _ — a2
(D2+2D) X
1 1
* e —x’=e*=[1+
2D[1+ 5 | 2D

1 D D
—exﬁ [1— E+(;)2— + ]x

N
N

2 _ex L 2 _ 1
>t =€ [x x+:]
—px1 2 _ 1 —px 1 ¥ _x X
=e* [ [x?—x+;]dx =€ J[ T— S +3]

=;—;[2x3—3x2+3x]

The general solution

_ x . cosx , e*
y =cie¥+cef -3 sinx- — +E[2x3—3x2+3x]
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Unit-IV
Variation of parameters.
To solve a differential equation

d*y dy
W-I_Pa-l_Qy_R

Where P,Q and R are functions of x then

First to find the complementary function from

a’y day _

2 TP+ Qy =0
anditis y, = cyu(x) + c,v(x)

and by the method of variation of parameters the particular integral is in the form

Yp = A(x)u(x) + B(x)v(x)

Were

ACx) = J vR(x)dx B( )= j u R(x)dx

vu' vu' — uv’
Problems 1. Solve — + y = cosec x using the method of variation of parameters.
Solution: The auxiliary equationism? +1=0 s> m = +i
Ve = €1CO0SX + C,Sin X
By the method of variation of parameters

The particular integral y,, = A(x)u(x) + B(x)v(x)

v R(x)dx u R(x)dx
Where A(x) = and B(x) = —
( ) f vu' — uv’ ( ) fvu’—uv’
Letu = cos x v =sinx = u =-sinx and v' =cosx

Now vu' — uv’ = sin x(- sin x ) -cos x (cos x)

= —sin®x — cos?x = —(sin’x + cos?x) = —1

A( )_ va(x)dx =fsmx(coscx)dx f( 1)dx — _x

uv’
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B(x) = —f:j(fijjf =f%fscx) dx = [ cotx dx =log|sinx |

The particular integral y, = A(x)u(x) + B(x)v(x)= -x cosx +sinxlog | sinx |

The general solution y =c; cos x + ¢,sin x - x cos x +sin x log | sin x |

2.Solve % + a’y = tan ax using the method of variation of parameters.
Solution: The auxiliary equationism? +a? =0 > m= +ai
Yo = €1€0S aXx + ¢,Sin ax
By the method of variation of parameters

The particular integral y, = A(x)u(x) + B(x)v(x)

v R(x)dx u R(x)dx
Where A(x) = and B(x) = —
ere ( ) J-vu’—uv’ ( ) fvu’—uv’
Let u = cos ax v=sinax = u =-asinax and v’ =acosax

Nowvu' — uv’ = sin ax (- a sin ax) -cos ax (a cos ax)

=—asin?ax — a cos?ax = —a (sinax + cos?ax) = —a

A(x) = va(x)dx :fsinax(tanax)dx

vu'—uv’ -a

sinax

_ "1
= afsmax( Ydx

cosax

1
cosax

= [sin?ax (
a

) dx

-1 (1-cos?ax
= [ ———= dx

a cos ax
-1 1 cos?ax
a“ cosax cos ax

=_71f [ secax — cosax | dx
-1 1 1.
= — [Elog(secax+tanax) -asmax]

= _712 [log ( sec ax +tan ax) - sinax |
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vu'—uv’ -a

B(x) — _fuR(x)dx _ 'f cos ax(tan ax) dx

-1 sinax
=—[cosax[ —]
a cosax

:_—lfsinax dx:_—l[_cosax ]
a a

1
= — COS ax
a a

The particular integral y, = A(x)u(x) + B(x)v(x)
= CO0S ax {_712 [log ( sec ax +tan ax) -sinax | }+ sin ax { % cos ax }

-1
= — cosax log (sec ax +tan ax)

. . 1
The general solution y =c; cos ax + ¢,sin ax - — cos ax log ( sec ax +tan ax)
a

3.Solve (D24 a2)y = secax using the method of variation of parameters.
Solution: The auxiliary equationism? + a> =0 =>m= tai

Yo = €1C0S aX + c¢,Sin ax

By the method of variation of parameters

The particular integral y,, = A(x)u(x) + B(x)v(x)

v R(x)dx u R(x)dx
A(x) = and B(x) = —
Where ( ) fvu’— uv’ ( ) fvu’— uv’
Letu=cosax, v=sinax, = u =-asinax and v’ =acos ax

Now vu’ — uv’ = sin ax(- a sin ax) - cos ax (a cos ax) =
—asinax — a cos?*ax = —a (sinax + cos?ax) = —a

A(x) — f v R(x)dx f sin ax(sec ax)dx

vu'—uv’ -a

=_71ftanaxdx

-1.:1 -1
=— [Elog | secax | ] —;log |sec ax

B(X) _ _fuR(x)dyf _ 'f cos ax(secax) dx =_71f1 dx=—_x

vu'—uv -a a

The particular integral y, = A(x)u(x) + B(x)v(x)

= Z log |sec ax|[ cos ax]- = sin ax
=z 0g [secC a COS a aS a

—cosax

X .
=— log|secax|-;smax
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. . cosax X .
The general solution y = ¢;cos ax + ¢,sin ax — ——log |sec ax| -=sin ax.
a a

4. Solve % + 4y = 4 sec?2x using the method of variation of parameters.
Solution: The auxiliary equationis m> +4=0 >m= +2i
Yo = €1C0S 2 X + C,Sin 2x
Letu=cos2x, v=sin2x, = u =-2sin2x and v’ =2 cos 2x
By the method of variation of parameters

The particular integral y, = A(x)u(x) + B(x)v(x)

Where A(x) = va(x)dx and B(X) — _J'U.R(X)dx

vu'— uv’ vu'—uv’
Now vu' — uv’ = sin 2x (- 2sin 2Xx) - cos 2x (2 cos 2X) =
—2sin?2x — 2 cos?2x = —2 (sin?2x + cos?2x) = -2

__ (VR(x)dx__ (sin2x[4sec?2x]dx
A(x) - fvul_uvl_f -2

1
cos?2x

=-2 [ sin 2x ( ) dx =-2 [ sec 2x tan 2x dx

= -sec 2X

2
B(x) = _fuR(x)dx _ 'f cos 2x (4sec 2x)dx

vu' —uv’ -2

=2 sec 2x dx
= 2[% log (sec 2x + tan 2x)]
= log (sec 2x + tan 2x)
The particular integral y, = A(x)u(x) + B(x)v(x)
= - sec 2x cos 2x + sin 2x log (sec 2x + tan 2x)

= -1+ sin 2x log (sec 2x + tan 2x)

The general solution
y =C 1€0S 2 X + ¢,sin 2x -1 + sin 2x log (sec 2x + tan 2x)

24 BSR MATHS GDC RVPM




5.Solve (D2-3D+ 2) y = sin (e*) using the method of variation of parameters.
Solution: The auxiliary equationis m? —=3m+2=0 =2 (m—-1)(m—-2) = 0
>m=1,2
Ve = cre* + c,e?*
By the method of variation of parameters
The particular integral y, = A(x)u(x) + B(x)v(x)

v R(x)dx
r_ []

andB(x) = — | uRG)dx

vu’— uv’

Where A(x) = [

vu uv

X

Letu=e* v=e? =y =e¥ andv' =2e?*

Now u'v-uv’ =e*(e?*) —e*(2e?*) = —e*(e?¥) =— e3*

X

AKX) = fVR(x)d)i _ fezxsine' dox

vu’— uv —e3%

=-[e*sine *dx

= [sint dt where t =e™* = dt = —e ¥dx

=-cost=-cose™

X

B(X) _ _fuR(x)dx= _fexsine' dx

vu'—uv’ —e3x

=[e X sine *dx
=[e*e *sine *dx
=— [tsint dtwheret=e™ = dt=—e ¥dx

= -[ t(-cos t) =(1)( -sin 1)]
=-[-tcost+sint]

=e*cos e —sin e™*

The particular integral y, = A(x)u(x) + B(x)v(x)

=-cose *[e*] +[e ¥ cos e —sin e ¥]e?*

=-e¥*cose ¥+ e¥cose™* —e**sin e ¥

=—e%*sin e ¥
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The general solutiony = c;e* + c,e?* — e?*sin e™*
6. Solve (D2- 1) y = e*sin(e*) + cos (e) using the method of variation of parameters.

Solution: The auxiliary equationism? —1=0 >m= +1

Ye=cie* + c,e”™

By the method of variation of parameters
The particular integral y, = A(x)u(x) + B(x)v(x)

v R(x)dx
!

and B(X) _ _fuR(x)dx

vu’— uv’

Where A(x) = |

vu’—uv

X

Letu=e* v=e™* =u =¢e* andv' =-e*

Now u'v-uv' =e*(e™) —e*(—e™¥)=2

v R(x)dx e *[e”*sin(e™*)+cos (e™™)]dx
A = [—===] .

:% [ e *[e"*sin(e™™) + cos (e ™¥)]dx

=%f[ tsint + cost](—dt)wheret=e™* = dt= —e ¥dx
=— ~[t(-cos t) -(1)(-sint) +sint]
=— %[-tcost+ 2sin t ]

X

=%[ e *cos e™* —2sin e™™]

u R(x)dx e*[e *sin(e™*)+cos (e™™)]dx
B(x) = _fvu’—uv’=_f 2

= —[[sine™ + e*cos (e™)] dx

= ;f sin e *dx —%f e*cos(e™) dx

== [ sine~*dx — [ cos(e™¥)e* — [[e *sin(e™¥)] e*dx ]

= ;fsin e *dx — % [e* cos(e™) — [ sin(e™) dx]]

=_?1 [ [sine ™ dx + e* cos(e™) — [sin(e™) dx
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—zex cos(e™)

The particular integral y, = A(x)u(x) + B(x)v(x)

X

=%[ e *cos e —2sin e™] +e‘x[_—21ex cos(e™) ]

1 _ - -
=E[cos e ™ —2e*sin e *-cose™*]
=— e¥sin e™*
The general solution
y= cie* + e — e*sin e™*
UNIT-V

CAUCHY-EULER DIFFERENTIAL EQUATIONS

Definition: A differential equation is in the form

n

nd’y
dxm

n-1 d((n—l)y a xn—z dTl—Zy
dx(m-1) 2 dxn—2

d
x +a.x + ot ap X d—z+ a,y= Q(x)

whereay, a;, a, ... ap-_1), a, are constants is called Cauchy-Euler Differential Equations of
order n.

To solve the differential equation

Putx =e*=z=log x

Differentiate w r t x we get 22 = 2
dx X

dy ,1 dy _d d
cd (—):>x—y=—y=9y where 8 = —
dz ~x dx dz dz

dy dydz _
dx  dzdx

2 3
Similarly, xZ% =606 — 1)y, x3% =600 —-1)(0 —2)y etc

Put these values in the differential equation then we get a linear differential equation with
constant coefficients and solve .........
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5 Marks Problems:
1.Solve (x2D2-2xD-4)y=x?
Solution: Given that (x2D2 -2xD -4 )y = X2 --=-------- (1)

Putx=e? =z =logx and then

— W _ 2@y _ _ -2
ny—xdx—By x2D2y= x oz =0(0—-1)y wheref = o
(D =00 —-1)y—20y—4y= e?*

[0(0—1)—20—4]y = e??

= [6%2 — 36 — 4]y = e?? is alinear differential equationwith constant
coefficients.

The Auxiliary Equationism? —3m —4 =0
m?2—4m+m—4=0

m(m-4)+(m-4)=0
(m-4)(m+1)=0>m=-1,4

Ye=cre? + ce*? =cx7t + cxt

1 2z 1 2z_ 1 27 _1 o _—x*
= est= e =—e =X" =
= 92 36-2 22-3 (2)—4 -6 -6 6
2
; -1 s X
The general solution y = c;x™" + cyx* — r

2.Solve (x2D?2-4xD+6)y=x?2

Solution: Given that (x2D%2 -4xD+ 6 )y =x2 ----------- (D

Putx=e?=>z=logx andthean—ZzHy

2d%y _ _ 4
X" =0(0—-1)y wheree—dz

(1) =60(0—-1)y—40y+6y=e?
=>[0(6—-1)—46+6]y= e?

= [#? — 560 + 6]y = e?? is alinear differential equationwith constant
coefficients.
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The Auxiliary Equationism? —5m +6 =0
m?—-3m—-2m—6=0

= m(m-3)-2(m-3)=0
=>(m-2)(m-3)=0 >m=2,3

Ve =cre? + ce3%2 =cx? + 3

__ Y o az__ 1 2z
W= g2 59-6¢ (9—2)(9—3)e

— 1 2Z __ -1 2Z
_(e—z)(z—s)e _(e—z)e

—-Z
= —e??=-x2logx
1!

The general solutiony = ¢;x? + c,x3 — x?logx
3.Solve 3x?D?+xD+1)y=x

G 2%y 4y _
Solution: Given that 3x°—= +x— + y =x

dy

Putx=e?=>z=logx andthenxdxzey

2d%y _ _ -4
X" =0(0—-1)y whereB—dZ

The give D.E can be written as [36(6 — 1) + 6 + 1]y = e?
= [302 —20 + 1]y = e? is alinear differential

equation with constant coefficients.

The Auxiliary Equationis 3m? —2m+1=0

_25/@2-4()B) _ 2+Va-12 _ 2+V=8 _ 2+2iV2 1 n V2
- 2(3) - 6 T T 6 3113
3 3

z V2 , V2
Y. =e3[cq cos S Z+ cpsin— z|
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ye = x1/3 [ ¢, cos glogx+ fo Sing log x ]

_ 1 e? = 1 e? = 1 eZ = lX
W= 3022011 T 3(1)-2 (1)+1 T2 T

The general solution y = x/3 [ ¢; cos g logx+ ¢, sing logx]+ %x

4.Solve (x2D?2-3xD+4)y =2x?

2
Solution : Given that x2 2% — 3x &2 4 4y = 2x2
dx dx

Putx=e*=>z=logx andthenx%z %

a d

2d%y _ _ ==
X" =006 —1)y Whereﬁ—dz

The give D.E can be writtenas [0(6 — 1) —3 0 + 4]y = 2e?%

= [0%2 — 40 + 4]y = 2e?? is alinear differential equationwith constant

coefficients.

The Auxiliary Equationism? —4m+4 =0
=>(m—-2)=0=>m=2,2

Ve =12 + cyze?? = cx? + cyx?logx

1
W= 92 4944

2
2e%% = —(sz)z e?? =12 Zz—le22 = x2(log x)*?

The general solutiony = ¢;x? + c,x2logx + x?(logx)?

5.Solve (x2D2 +xD-4)y = x3

— 4y =3
dx? dx y x

Solution: Given that x

Putx=e?=>z=logx andthenx%z 0y

2d%y _ _ 4
X" =60(0-1)y Whereﬁ—dz

The give D.E can be written as [0(8 — 1) + 0 — 4]y = e3?
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= [8? — 4]y = e3% is alinear differential equation with constant coefficients.

The Auxiliary Equationism? —4=0=>m =+ 2

Ve =cre7% 4 e?? =cx7? 4 cyx?

— 1 3z _ 1 32_1
W=g2-, ¢ T, ¢ T X

The general solutiony =c;x™2 + c,x% + g x3
10 Marks Problems
1. Solve (x*D3+2x2D24+2)y=10(x + —)

d3y d

2
Solution: Given that x°—=+ 2x? =2+ 2y=10(x+

dx

Putx=e?=>z=logx andthean—isz

29% _ peg —
X" =60(0—-1)y

3d% _ _ _ -4
3 = 0(0 —1)(0 — 2)ywhere 6 = o

1
X

(DH=2600-1)O—-2)y +20(0—1)y +2y=10(e?*+ e7?)

(02 —30+2)y +2(0%—0)y +2y =10(e?+ e7?)

(03 —-302+20)y + (202 —20)y +2y =10(e? + e7%)

(03—02+2)=10(e? + e7?)

is alinear differential equation with constant coefficients.

The Auxiliary Equation is m3 — m? +2 =0

Consider m=-1) 1 -1 0 2
0 -1 2 -2

1 -2 2 0
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Nowm? —-2m+2=0

_2+/(=2)2-4(1)(2) _ 2+V4-8_ 2+V-4 _ 2+2i
a 2(1) Tz Tz T 2

=1+i
- m=-1,1+1i
Ye=cie?+=e’[cicosz+ c,sinz]

Ve =01 x 1 +x[c; coslog x + ¢, sinlog x|

1

Yo = 559703 10(e? + e™?)

— 1 z 1 —-Z
=10] 050742 T 550742 ¢ ]
— 1 Z 1

4
=10] G+1)02-20+2) ¢ @+1)02—20+2) € ]
1 2 1

— —Z
_10[ (1+1)(12-2 (1)+2)e T (9+1)((—1)2—2(—1)+2)e ]

_ 1 2z 1
—10[2e +5(0+1)e

2]=10[e? +Ze7%]
=5e? + 2ze™? =5x+2x tlogx
The general solution
y=cx 1 4+x[c; coslogx + ¢, sinlog x]+5x+2x 1 logx
2.Solve (x2D2 - xD + 2) y=xlog x
d?y

Solution: Given x? o x% + 2y =xlog x ----------- (1)

Putx=e*=>z=logx andthean—i=0y

2d%y _ _ _ 4
X" =6(60—1)y wheref =
(D)=00—-1)y—0y+2y=2ze? = (02—0—-0+2)y = ze?

= (02 —-20+2)y = ze?
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The AEis m?—-2m+2=0

—_2)2_ _

= 2Pt 0@) _ 2438 141
2(1) 2
. m=1+i

ye=e?[cicosz+ c,sinz]

Y.= X[ ¢y coslogx+ c,sinlog x |

Z 1
€ (0+1)2-2(0+1)+2 (Z)

1
=e” 62+1 (Z)

=e?(1+0>) Y z2)=e?(1— 0% +-)z
= ze’=xlogx
The general solution
y=c;x 1 +x[c; coslog x + ¢, sinlog x ]+xlogx
3. Solve (x2D2-xD -3 )y =x2log x
d?y dy

Solution: Given x?2 X _—3y= DL 1Y B — (1)

Putx=e?=>z=logx andthenxd—yzey

dx

2d%y _ _ -2
xdxz—H(H 1y WhereH—dz
06 — 1)y — 0y — 3y = ze??

= (02—0—-0—3)y =ze?*

= (6% —20 —3)y = ze?
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The AEis m?—-2m—-3=0
(m+1)(m-3)=0=>m=-1,3

Ve = 1% + 3% =c;x7t + a8

1

2z
(6+2)2-2(0+2)-3 (Z)

—p2Z 1
=" orzes @

= (@)= S [1- EE ()
-3(1- 752 )

3

2z 02+26
== [+ —+ ...] @

2z 2 2 2
i3 [Z+§]=%[§ +logx |

The general solution y=c;x 1 + c,x3 — xg—z[g + logx |
4. Solve (x2D2-xD+4)y=cos (logx) + xsin (logx)

2
Solution: Given that x? sz —-x Z—z + 4y=cos (logx) +xsin(logx)

Putx=e*=>z=logx andthenx%z@y

2d% _ _ -4
x x2—9(9 Dy where@—dz

d

00 —1)y—0y+4y =cosz+e?sinz
= (0?—0—-0+4)y=cosz+e?sinz

= (02—-20+4)y =cosz+e?sinz

(1

The AEis m?—-2m+4=0

—22_ — —
m= 244/( 22)(1)4(1)(4—) =2ivz 16 =2i\/2 12 -1 il\/§
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y.=e?[cy cos zV3 + ¢, sinzV3 ]
y.=x[c; cos\3log x + ¢, sinv/3 log x |

— Z o7
Yo =G zern {cosz+e?sinz}

=1 _cosz + — 1 eZsing
T (62-20+4) (62-260+4)

= L cos z + e* L sinz
T (—12-20+4) (0+1)2—2(6+1)+4)

=1 cos z + e* ! sinz
T (3-20) (62+260+1 —20-2+4)

3+26 2
= cosz+e
(9-462) + (62+3)

sinz

3cosz—2sinz z

e sinz
(9+4) (—12+3)

3 . eZ .
=3 (3cosz—2sinz) + 5 sinz

= % (3coslogx — 2sinlogx) + gsin log x
The general solution

y=x[c; cos3log x + ¢, sinv/3log x ] + 113 (3 coslogx — 2 sinlogx) + gsinlogx
5. Solve (x2D?2+x D + 1) y = sin (log x)

ion: Gi 2@y Ay
Solution: Giventhat  x 2 T X ty=sin (log x)

Putx=e?=>z=logx andthenxi—z=9y

29% _ pep — 2
Xt = 6(6 —1)y wheref = p
The given differential equation can be written as

6(6—-1)y + 0y +y = sinz

[62—-6 + 6+ 1]y =sinz
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[6%2 + 1]y = sinz
The auxiliary equationism?+1=0=> m?=—-1 =>m= +i
Y. =€ COSZ + ¢, sinz = ¢; coslogx + ¢, sinlogx

1
Now y, = 5~

" sinz = g [sinzdz = g (-cos z) = -log x cos(log x)

The general solution y = ¢; coslogx + ¢, sinlog x — log x cos(log x)

6. Solve (x2D?2-xD +1)y=logx

R 2d%y _dy _
Solution : Given that XTS—x—ty log x
Z dy
Putx=e*?=>z=logx andthenxdx =0y

xz% =60(0—1)y wheref = %
The given differential equation can be written as
00 —-1)y — 0y +y =z
[02-0—-—0+1]ly=2z
[62—-20+1]y=2z
The auxiliary equationism? —=2m+ 1=0=> (m—-1)?=0=>m=1,1

ye=cie’+ cize?*=c;x +cyxlogx

_ 1
yp - (6-1)2

z=(1-0)2z=(1+20+......0)z=z+2=2+logx

The general solutionisy = c¢; x + ¢, xlogx + 2 + logx
7. Solve (x2D?2-3 xD + 5) y =x?sin (log x)
Solution: Given that ~ x?2 ij; —3xZ 4 5y = x2 sinlog x
dx dx
Putx=e*=>z=1logx and thenx%= Oy

29y _pep Y
X" =00 -1y WhereH—dz
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The given differential equation can be written as
0(0 —1)y — 30y +5y = e?’sinz
[62 -6 — 30 +5]y =e?sinz
[02 —40 + 5]y = e*sinz
The auxiliary equationism? —4m+ 5=0

_ 41 /®)2-4()(5) _ 4+V16-20_ 4+V—4%

- 2(1) 2 2

=2+i

sm=2+1i

Ye=e**[cicosz+ cysinz]=x%[c, coslog x + ¢, sinlog x ]

1 :
Yo = i rare (e?*%sinz)
— p2zZ 1 P
- (6+2)2—4(0+2)+5 (sinz )
= e ! (sinz)
02+46+4 —46-8 +5
= e¥ 1 (sinz)
02+1
= e? Z[sinzdz
2
2]
=e?? g(- cosz) = - % cos (log x)

The general solution is

2

ad l;)gx cos (log x) ]

y=x2[clcoslogx+ ¢, sinlog x —

Al the Best
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